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THE AMBIENT OBSTRUCTION TENSOR AND THE
CONFORMAL DEFORMATION COMPLEX
A. ROD GOVER AND LAWRENCE J. PETERSON
Abstrat. We onstrut here a onformally invariant dierential op-
erator on algebrai Weyl tensors that gives speial urved analogues of
ertain operators related to the deformation omplex and that, upon
appliation to the Weyl urvature, yields the (Feerman-Graham) am-
bient obstrution tensor. This new denition of the obstrution tensor
leads to simple diret proofs that the obstrution tensor is divergene-
free and vanishes identially for onformally Einstein metris. Our main
onstrutions are based on the ambient metri of Feerman-Graham and
its relation to the onformal trator onnetion. We prove that the ob-
strution tensor is an obstrution to nding an ambient metri with
urvature harmoni for a ertain (ambient) form Laplaian. This leads
to a new ambient formula for the obstrution in terms of a power of
this form Laplaian ating on the ambient urvature. This result leads
us to onstrut Laplaian type operators that generalise the onformal
Laplaians of Graham-Jenne-Mason-Sparling. We give an algorithm for
alulating expliit formulae for these operators, and this is applied to
give formulae for the obstrution tensor in dimensions 6 and 8. As
bakground to these issues, we give an expliit onstrution of the de-
formation omplex in dimensions n ≥ 4, onstrut two related (detour)
omplexes, and establish essential properties of the operators in these.
ARG gratefully aknowledges support from the Royal Soiety of New
Zealand via Marsden Grant no. 02-UOA-108, and from the New Zealand
Institute of Mathematis and its Appliations for support via a Malaurin
Fellowship.
1. Introdution
The Bah tensor [2℄ has long been onsidered an important natural in-
variant in 4-dimensional Riemannian and pseudo-Riemannian geometry and
ontinues to play an interesting role. See [1, 32℄, for example. It is onfor-
mally invariant, vanishes for metris that are onformal to Einstein metris,
and arises as the total metri variation of the ation
∫
|C|2, where C denotes
the Weyl urvature. From the latter and the onformal invariane of the
Weyl urvature, it follows that it is a symmetri trae-free 2-tensor whih
involves 4 derivatives of the metri. An expliit formula for the Bah ten-
sor in terms of the Weyl urvature C, the Rii tensor, and the Levi-Civita
onnetion is very simple:
(1) Bab = ∇
c∇dCacbd +
1
2
RiccdCacbd.
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In higher even dimensions n, an analogue of the Bah tensor was disovered
by Feerman and Graham [19℄; it arose as an obstrution to their ambient
metri onstrution. This Feerman-Graham obstrution tensor, whih we
denote Oab (or sometimes O
n
ab), shares many of the properties of the Bah
tensor. It is a trae-free symmetri 2-tensor that vanishes for onformally
Einstein metris. The obstrution tensor has the form ∆n/2−2∇c∇dCacbd +
lots. Here  lots indiates lower order terms. There is strong evidene that
the obstrution tensor will be as important in eah even dimension as the
Bah tensor is in dimension 4. Very reently Graham and Hirahi [29℄ have
shown that Oab is the total metri variation of
∫
Q, where Q is Branson's Q-
urvature [7, 12℄. This generalises the situation in dimension 4, sine in that
ase
∫
Q and
∫
|C|2 agree up to a multiple. There is a diret link between the
obstrution tensor and the non-existene of ertain operators on onformal
manifolds whih also generalises the 4-dimensional setting [25℄ and further
indiates the ritial role of the obstrution tensor.
Despite this progress, the obstrution tensor has remained somewhat mys-
terious, partly due to the lak of a general formula. In the next setion we
explain that there is a fundamental dierene between the Bah tensor in
dimension 4 and the obstrution tensor in even dimensions 6 and greater.
The idea is as follows. From the Bianhi identities, the expression (1) for
the Bah tensor an be written as ∇(c∇d)Cacbd +
1
2 Ric
cd Cacbd, where the
parentheses indiate symmetrisation over the index pair cd. The dieren-
tial operator ∇(c∇d)+ 12 Ric
cd
is a onformally invariant operator whih ats
on the bundle of algebrai Weyl tensors (i.e. the bundle whose setions
are 4-tensor elds with the same onformal weight and algebrai symmetries
as the Weyl urvature) and takes values in a (density weighted) irreduible
tensor bundle. One might hope that a similar result would hold in higher
dimensions. This is not the ase. In Proposition 2.1, we establish that
in dimensions n ≥ 6, the obstrution tensor annot arise in this manner
from a onformally invariant operator that ats between irreduible tensor
bundles. This is an easy onsequene of representation theory results of Boe-
Collingwood [5℄ whih give a lassiation of onformally invariant operators
on the sphere. (See [17℄ and referenes therein.) One fous of this artile
is to desribe the orret generalisation of the desribed onstrution of the
Bah tensor. This is Theorem 2.3, whih is one of the main results.
In the onformally at setting, the onformally invariant operator dened
in the previous paragraph is the formal adjoint of an operator in the so-alled
(onformal) deformation omplex. This is a omplex of onformally invariant
dierential operators arising in onnetion with innitesimal deformations
of a onformal struture based at a onformally at metri. The linearisa-
tion of the obstrution tensor, whih we denote B, is an operator in a lass
of onformally invariant operators ating between bundles in the omplex.
These long operators are predited by the Boe-Collingwood lassiation.
In Proposition 2.2, we show that the linearised obstrution operator and
another long operator, that we denote L, fator through operators from the
omplex. For example, we obtain that B = GC, where C is the linearised
Weyl urvature operator and G is a gauge ompanion operator for L. That
is, L and G have the same domain spae (algebrai Weyl tensors), the system
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(L,G) gives a onformally invariant equation, and in Riemannian signature
this system is ellipti. Theorem 2.3 gives a urved analogue of this piture.
The theorem desribes a onformally invariant dierential operator B whih,
on general onformal manifolds of even dimension, ats on algebrai Weyl
tensors and takes values in a reduible bundle. In dimensions n ≥ 6, ompos-
ing this with projetion to a quotient gives a onformally invariant operator
L whih takes algebrai Weyl tensors to weighted algebrai Weyl tensors; L
generalises L to onformally urved manifolds. This operator annihilates the
Weyl urvature C, and B(C) is the obstrution tensor. An appliation of
these results is given in Proposition 2.4, whih relates (in the onformally
at setting) the onformally invariant null spae of the system (L,G) to the
ohomology of the deformation omplex.
For a onformal struture of dimension n, the ambient metri is an asso-
iated, suitably homogeneous, and Rii-at metri on an (n+ 2)-manifold.
In [19℄, Oab arose as an obstrution, in even dimensions, to the existene of
a formal power series solution for this ambient metri. In Setion 3.2, we
show that the obstrution tensor may equivalently be viewed as a formal
obstrution to having the ambient urvature harmoni for a ertain ambient
form-Laplaian ∆/ . This leads to a new proof that the obstrution tensor is
an obstrution to the ambient metri (see (v) of Theorem 4.4) and a very
simple ambient formula for the obstrution. Let R denote the urvature of
the ambient metri. Then ∆/n/2−2R is a disguised form of the obstrution.
This is also established in Theorem 4.4 and in the same plae used to give a
new proof that the obstrution is divergene-free, i.e. that ∇aOab = 0. (An
alternative proof of this last result is given in [29℄, and it also follows from
the variational haraterisation given in [29℄. See [6℄.)
Interpretation of these results on the underlying onformal manifold is
ahieved via trator bundles. The standard trator bundle is a vetor bun-
dle with a onformally invariant onnetion that we may view as arising as
an indued struture from the Cartan bundle with its normal onformal Car-
tan onnetion. On the other hand, this rank n+2 vetor bundle also arises
in a simple way from the tangent bundle of the ambient manifold. Using
this observation, we onstrut (Theorem 4.1 and Proposition 4.8) families
of onformally invariant operators with leading term a power of the Lapla-
ian; these at between arbitrary trator bundles of an appropriate density
weight and generalise the GJMS operators of [30℄. In Theorem 4.2, we show
that the obstrution tensor is obtained by applying one of these operators,
namely/ n/2−2, whih has the form ∆
n/2−2+ lots, to the trator eldW that
orresponds to R. Thus the problem of nding formulae for the obstrution
tensor is redued to understanding the speial ase/ n/2−2 of the generalised
GJMS-type operators / k.
There is a 1-1 orrespondene between between Einstein metris and a
lass of parallel standard trators [22, 26℄. This, with the trator formula
for the obstrution / n/2−2W , forms the basis of the proof of Theorem 4.3,
whih shows that the obstrution vanishes for onformally Einstein metris.
Theorem 4.1 onstruts a very general lass of Laplae type onformal
operators. The indutive steps leading to Theorem 4.1 yield a simple and ef-
fetive algorithm for alulating expliit formulae for the onformal Laplaian
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operators of that theorem. Hene by Theorem 4.2, they give an algorithm for
alulating expliit formulae for the obstrution. This algorithm is eient
in the sense that it does not entail onstruting the ambient manifold but
uses just its existene; the algorithm reovers only those invariants of the
ambient metri that atually turn up in the nal formula for the operator.
In Setion 4.2, expliit trator formulae for onformal Laplaian operators
are given. See expressions (66) and (71). These are then applied to the W -
trator to give formulae for the obstrution in dimensions 6 and 8. Trator
formulae are given in (67) and (73), and formulae in terms of the Levi-Civita
onnetion and its urvature are given in (68) and in Figure 1.
The next setion establishes the basi bakground and notation before
onstruting the onformal deformation omplex and introduing some re-
lated operators. It is a pleasure to thank Tom Branson and Robin Graham
for helpful disussions.
2. Relationship to the onformal deformation omplex
We rst sketh here notation and bakground for onformal strutures.
Further details may be found in [13, 27℄ or [9℄. We mainly follow the no-
tational onventions of the last of these. Let M be a smooth manifold of
dimension n ≥ 3. To simplify our disussions we assumeM is orientable. Re-
all that a onformal struture onM is a smooth ray subbundle Q ⊂ S2T ∗M
whose bre over x onsists of onformally related metris at the point x. The
prinipal bundle π : Q →M has struture group R+, and so eah represen-
tation R+ ∋ x 7→ x
−w/2 ∈ End(R) indues a natural line bundle on (M, [g])
that we term the onformal density bundle E[w]. We shall write E [w] for the
spae of setions of this bundle. Here and throughout the artile, setions,
tensors, and funtions are always smooth. When no onfusion is likely to
arise, we will use the same notation for a bundle and its setion spae.
We write g for the onformal metri, that is the tautologial setion of
S2T ∗M ⊗ E[2] determined by the onformal struture. This will be used
to identify TM with T ∗M [2]. For many alulations we will use abstrat
indies in an obvious way. Given a hoie of metri g from the onformal
lass, we write ∇ for the orresponding Levi-Civita onnetion. With these
onventions the Laplaian ∆ is given by ∆ = gab∇a∇b = ∇
b∇b . Note E[w]
is trivialised by a hoie of metri g from the onformal lass, and we write ∇
for the onnetion orresponding to this trivialisation. It follows immediately
that (the oupled) ∇a preserves the onformal metri.
The urvature Rab
c
d of the Levi-Civita onnetion is known as the Rie-
mannian urvature and is dened by [∇a,∇b]v
c = Rab
c
dv
d. (Here and below,
[·, ·] indiates the usual ommutator braket.) The Riemannian urvature
an be deomposed into the totally trae-free Weyl urvature Cabcd and a re-
maining part desribed by the symmetri Shouten tensor Pab, aording to
Rabcd = Cabcd+2gc[aPb]d+2gd[bPa]c, where [· · · ] indiates the antisymmetri-
sation over the enlosed indies. The Shouten tensor is a trae modiation
of the Rii tensor Ricab and vie versa: Ricab = (n−2)Pab+Jgab, where we
write J for the trae Pa
a
of P . Under a onformal transformation we replae
a hoie of metri g by the metri gˆ = e2ωg, where ω is a smooth funtion.
Expliit formulae for the orresponding transformation of the Levi-Civita
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onnetion and its urvatures are given in e.g. [3, 27℄. We reall that in
partiular the Weyl urvature is onformally invariant Ĉabcd = Cabcd.
A notion that we will use later is that of total order of a tensor. A
tensor T a···bc···d of weight w and with k ontravariant indies and ℓ ovariant
indies will be said to be of total order ℓ − k − w. For example, the Weyl
urvature, the Shouten tensor, and the salar urvature all have total order
2. The onformal metri gab has total order zero, and so the total order
of any tensor is unhanged by the raising and lowering of indies using the
onformal metri.
We will be interested in ertain natural dierential operators. We say
that a dierential operator P is a natural dierential operator if it an be
written as a universal polynomial in ovariant derivatives with oeients
depending polynomially on the metri, its inverse, the urvature tensor, and
its ovariant derivatives. The oeients of natural operators are alled
natural tensors. In the ase that they are salar they are often also alled
Riemannian invariants. Note that for any tensor T with total order t, ∇T
has total order t+1. It follows immediately that for any natural dierential
operator P that has T in its domain, the total order of PT is at least t. We
say P is a onformally invariant dierential operator if it is well-dened on
onformal strutures (i.e. is independent of a hoie of onformal sale).
We will use Ek as a onvenient alternative notation for ∧kT ∗M . The
tensor produt of Ek ⊗ Eℓ, ℓ ≤ n/2, k ≤ ⌈n/2⌉, deomposes into irre-
duibles. We denote the highest weight omponent by Ek,ℓ. (Here weight
does not refer to onformal weight, but rather the weight of the induing
O(n)-representation.) We realise the tensors of Ek,ℓ as trae-free ovariant
(k + ℓ)-tensors Ta1···akb1···bℓ whih are skew on the indies a1 · · · ak and also
on the set b1 · · · bℓ. Skewing over more than k indies annihilates T , as does
symmetrising over any 3 indies. Then we write, for example, Ek,ℓ[w] as a
shorthand for the tensor produt Ek,ℓ⊗E[w]. The spae of setions of eah
of these bundles is indiated by replaing E with E . These setions are the
algebrai Weyl tensors as disussed in the introdution, that is, tensors uabcd
with the same symmetries and weight as the Weyl urvature. In partiular,
the Weyl urvature itself is a setion in E2,2[2]. We will also often use the
notation Ek,ℓ[w] as a shorthand for E
k,ℓ[w + 2k + 2ℓ − n]. This notation is
suggested by the duality between Ek,ℓ[w] and Ek,ℓ[−w]; for ϕ ∈ E
k,ℓ[w] and
ψ ∈ Ek,ℓ[−w], with one of these ompatly supported, there is the natural
onformally invariant global pairing
ϕ,ψ 7→ 〈ϕ,ψ〉 :=
∫
M
ϕ·ψ dµg,
where ϕ·ψ ∈ E [−n] denotes a omplete ontration between ϕ and ψ.
Sine the Weyl urvature is onformally invariant, it follows easily that the
linearisation (at a onformally at metri) of the non-linear operator g 7→
Cg ∈ E2,2[2] (with Cg the Weyl urvature of the metri g) is a onformally
invariant operator C : E1,1[2]→ E2,2[2]. The formal adjoint of a onformally
invariant operator is again onformally invariant. In partiular, the formal
adjoint of C is onformally invariant:
C
∗ : E2,2[−2]→ E1,1[−2].
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Now observe that in dimension 4 we have E2,2[2] = E2,2[−2], and so C
∗
ats
on the spae E2,2[2], i.e. the algebrai Weyl tensors. It is given expliitly
(up to a multiple) by Uabcd 7→ (∇
(a∇c) + Pac)Uabcd. It is straightforward
to verify diretly, using the transformation formulae from [27℄, that this is
also onformally invariant in the general urved ase (or alternatively this is
immediate from (34)), and this operator applied to the Weyl urvature gives
the Bah tensor.
On onformally at strutures of dimension at least 4, the null spae
of C loally agrees with the range of the onformal Killing operator K :
E1[2]→ E1,1[2] given by va 7→ ∇(avb)0 (where (· · · )0 indiates the symmetri
trae-free part). These operators give the initial sequene of the onformal
deformation omplex. On oriented strutures of dimension 4 this omplex is
simply
E1[2]
K
→ E1,1[2]
C
→ E2,2[2]
C
∗⋆
→ E1,1[−2]
K
∗
→ E1[−2],
where ⋆ is the (onformal) Hodge star operator. Reall that in even dimen-
sions this gives an isomorphism on the spae of middle forms ⋆ : En/2 → En/2,
and so it also gives an isomorphism ⋆ : En/2,2[2]→ En/2,2[2].
The situation is more ompliated in higher dimensions. In the defor-
mation omplex, the operator C is followed by the Weyl-Bianhi operator
Bi : E2,2[2]→ E3,2[2], given (in a onformal sale) by
(2) Uabcd 7→ (n− 3)∇[aUbc]de − gd[a∇|s|Ubc]
s
e + ge[a∇|s|Ubc]
s
d.
Here the vertial bars |·| indiate that the enlosed indies are omitted from
the skew symmetrisation proess. (Note that an easy onsequene of its
symmetries is that the operator (2) is trivial in dimension 4.) On oriented
strutures the formal adjoints of these operators onlude the omplex, and
so we have the piture
·
K
→ E1,1[2]
C
→ E2,2[2]
Bi
→ E3,2[2]→ · · · → E3,2[−2]
B¯i
→ E2,2[−2]
C∗
→ E1,1[−2]
K∗
→ ·
Here we have omitted the initial and terminal setion spaes (E1[2] and
E1[−2] respetively), sine they are outside the main fous of our disussions.
In dimensions other than 6, B¯i is Bi
∗
. In dimension 6 it means the omposi-
tion Bi
∗
⋆. The Hodge star is also impliitly used in interpreting the diagram
in dimension 5. In this ase it gives isomorphisms ⋆ : E2,2[2] → E3,2[−2]
and ⋆ : E3,2[2] → E2,2[−2], and under these Bi is identied, modulo a
sign, with Bi
∗
. In the dimensions n ≥ 5, C∗ is given by the same for-
mula as in dimension 4, viz. Uabcd 7→ (∇
(a∇c) + Pac)Uabcd. In even di-
mensions n ≥ 8, the entre of the pattern onsists, in an obvious way, of
operators Bi(k) : E
k,2[2] → Ek+1,2[2] for k = 3, · · · n/2 − 1, their formal ad-
joints Bi
∗
(k) : Ek+1,2[−2] → Ek,2[−2] for k = 3, · · · n/2 − 2, and Bi
∗
(n/2−1)⋆ :
En/2,2[2] → En/2−1,2[−2]. The operators Bi(k) generalise (2), whih an be
viewed (up to a onstant multiple) as the k = 2 ase. For U ∈ Ek,2, an
expliit formula is (Bi(k)U)a0a1···akb1b2 = Proj(∇a0Ua1···akb1b2), where Proj is
the bundle morphism whih exeutes the projetion into Ek+1,2[2]. In odd
dimensions n ≥ 7, we have the operators Bi(k) for k = 3, · · · ⌊n/2− 1⌋, their
formal adjoints for k = 3, · · · ⌊n/2−2⌋. (The operator Bi(⌊n/2−1⌋) is formally
self-adjoint).
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In eah dimension, the operators of the deformation omplex are all on-
formally invariant, and the omplex is loally exat and extends to give
a resolution (on the sheaves of germs of smooth setions) of the sheaf of
onformal Killing elds. This is a partiular generalised Bernstein-Gelfand-
Gelfand (gBGG) resolution. These resolutions are well understood and las-
sied through the dual theory of generalised Verma modules, and the expliit
onstrution of the omplex above is an immediate onsequene of the (lo-
al) uniqueness of the operators in the relevant gBGG resolution, along with
expliit veriation of the onformal invariane and non-triviality of the op-
erators mentioned. See [21℄ for an alternative onstrution of the omplex
via a theory of overdetermined systems of partial dierential equations based
around Spener ohomology.
Aording to the results of [5℄, in even dimensions the operators of the de-
formation omplex are not the only onformally invariant operators between
the bundles involved. There are also long operators Ek,ℓ[2]→ Ek,ℓ[−2], and
an additional pair of operators about the entre of the pattern. We obtain
the operator diagram
·
K
→ E1,1[2]
C
→ E2,2[2]
Bi
→ E3,2[2]→ · · · → E3,2[−2]
B¯i
→ E2,2[−2]
C∗
→ E1,1[−2]
K∗
→ ·
✻
B
✻L ✻
for dimensions 10 or greater. The operators in this diagram are unique (up
to multiplying by a onstant), and the diagram indiates by arrows all the
operators between the bundles expliitly presented. Thus, by impliation,
all ompositions vanish. The same diagram applies in dimensions 8 and 6
with minor adjustments. In dimension 8 there are two short operators with
domain E3,2[2] and two with range E3,2[−2]. From these there is one non-
trivial omposition E3,2[2] → E3,2[−2]. Similiarly in dimension 6 we have
⋆Bi : E2,2[2] → E3,2[2] and Bi∗ : E3,2[2] → E2,2[−2], as well as the operators
indiated, and L = Bi∗Bi. In dimension 4 the orresponding diagram is
·
K
→ E1,1[2]
C
→
→
⋆C
E2,2[2]
C
∗⋆
→
→
C
∗
E1,1[−2]
K∗
→ ·
✻B
and in this ase B := C∗C. Evidently on even-dimensional onformally at
strutures there are detour omplexes (f. [9℄), where one shortuts the de-
formation omplex via a long operator. The examples relevant here are
(3) E1[2]
K
→ E1,1[2]
B
−→ E1,1[−2]
K
∗
→ E1[−2]
and in dimensions n ≥ 6,
E1[2]
K
→ E1,1[2]
C
→ E2,2[2]
L
−→ E2,2[−2]
C∗
→ E1,1[−2]
K∗
→ E1[−2].
These have appliations in onstruting torsion quantities whih generalise
Cheeger's de Rham half-torsion [10℄.
Aording to [19℄, the obstrution tensor Oab is a trae-free symmetri
2-tensor of weight 2 − n. That is, it is a setion of E1,1[−2] = E
1,1[2 − n].
From the general theory in [17℄, we know that all the operators indiated
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expliitly by arrows in the diagrams above admit urved analogues, that is,
generalisations to general onformal strutures. (In fat, the formulae given
above for K, C
∗
, and Bi give onformally invariant operators on general
strutures. We will ontinue to use this notation for these operators even in
the onformally urved setting.) From the diagrams, however, the dierene
between dimension 4 and higher even dimensions is lear. In dimension 4
there is a onformal operator E2,2[2]→ E1,1[−2] that yields the Bah tensor,
as desribed above. In higher dimensions the onformally invariant C
∗
does
not have E2,2[2] as domain. These observations establish the following key
point.
Proposition 2.1. In even dimensions n ≥ 6, there an be no onformally
invariant dierential operator E2,2[2]→ E1,1[−2] that reovers the obstrution
tensor upon appliation to the Weyl urvature C.
If there were suh an operator, then by Theorem 4.4, below, or by [29℄, it
would neessarily have as highest order term ∆n/2−2∇a∇cUabcd. Its lineari-
sation would therefore be an operator E2,2[2] → E1,1[−2]. But there is no
operator between these bundles in the diagram.
This brings us to the question of whether, in dimensions n ≥ 6, there an
be any onformally invariant operator that yields the obstrution tensor. We
will see that there is, and we will onstrut the operator. To understand how
this works, it is helpful to expose some properties of the operators B and L.
Proposition 2.2. The operators B : E1,1[2] → E1,1[−2] and L : E
2,2[2] →
E2,2[−2] are formally self-adjoint. In eah even dimension n ≥ 6 the following
holds: there is a natural linear dierential operator H : E2,2[2] → E2,2[−2]
suh that B is given by the omposition
B = C∗HC;
there is a natural linear dierential operator N : E3,2[2]→ E3,2[−2] suh that
L is given by the omposition
L = Bi∗NBi.
A proof of this is given in Setion 4. The proof there uses the geometri
tools we develop shortly. The fatorisations desribed in the proposition
an also be established via entral harater arguments (and see also [9℄).
Note that L is only dened in even dimensions n ≥ 6. In dimension 6, N
is the identity. Otherwise, from the lassiation of onformally invariant
operators on onformally at manifolds, as disussed above, it follows that
the operators H and N are not onformally invariant.
On onformally at strutures the operator G := C∗H is not onformally
invariant (n 6= 4). It is, however, onformally invariant on the range of
the linearised Weyl urvature, and we have B = GC. On the other hand, L
annihilates the range of C. The theorem below gives speial urved analogues
of these operators.
We need some further notation. On onformal manifolds of dimension n
there is a natural reduible, but indeomposable, bundle W2,2 that has the
omposition series E2,2[−2]
✞
✝E2,1[−2]
✞
✝E1,1[−2]. This means that E1,1[−2]
is a (onformally invariant) subbundle and that E2,1[−2] is a subbundle of
the quotient W2,2/E1,1[−2]. The bundle W2,2 (whih is a subbundle of a
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ertain trator bundle) is onstruted expliitly in proof of Theorem 2.3
in Setion 4, and given a hoie of metri g from the onformal lass, it
deomposes as [W2,2]g = E2,2[−2]⊕E2,1[−2]⊕E1,1[−2]. Let us write I
∗
and
P for the respetive anonial bundle maps W2,2 → E2,2[−2] and W2,2 →
E2,2[−2]
✞
✝E2,1[−2] (whih are unique up to a onstant multiple).
Theorem 2.3. On onformal manifolds of even dimension n ≥ 6 there is a
natural non-trivial onformally invariant linear dierential operator
B : E2,2[2]→W2,2 = E2,2[−2]
✞
✝ E2,1[−2]
✞
✝ E1,1[−2]
with the following properties:
(i) The omposition (I∗B =: L) : E2,2[2] → E2,2[−2] is a non-trivial onfor-
mally invariant dierential operator of order n− 4.
(ii) There is a linear dierential operator B suh that BB = ∆ℓ + lots. Thus
on Riemannian signature onformal strutures, B is graded injetively ellip-
ti.
(iii) For the Weyl urvature C ∈ E2,2[2] we have B(C) ∈ E1,1[−2]. The
natural onformal invariant Oab ∈ E1,1[−2] given this way agrees with the
obstrution tensor.
We prove the theorem in Setion 4. Note that there is a degenerate version
of the theorem for dimension 4; see expression (28) and the omments that
follow it.
From the uniqueness of L it is lear that on onformally at manifolds
L reovers L (up to a onstant multiple). However L is a speial urved
generalisation of L, sine the property L(C) = 0 generalises to arbitrary on-
formal strutures the vanishing of the omposition LC. Sine L(C) vanishes,
it follows from the omposition series for W2,2 that the omponent of B(C)
in E2,1[−2] is a natural onformal invariant. That this also vanishes is also
a speial property of B that, in a sense, arries to general strutures the
non-existene of an operator E1,1[2] → E2,1[−2]. It follows that on onfor-
mally at strutures the omposition BC determines a non-trivial operator
E1,1[2] → E1,1[−2] whih therefore agrees with B. If, for eah metri g in
the onformal lass, we write G for the omposition of B followed by proje-
tion to the omponent E1,1[−2] (we have suh a projetion sine, reall, W2,2
ompletely deomposes, given a onformal sale), then, by onstrution, G
is a urved analogue of the operator G. That is, the restrition of G to
onformally at strutures is G. Note that G has the speial property that
G(C) = O, and (as we will see from the onstrution of W2,2) although G
is not onformally invariant, the onformal variation of G under g 7→ e2ωg is
only quadrati in ω. Sine G also has this sort of variation, this is optimal.
In the onformally at ase, it is easily shown that PB an be re-expressed
as a omposition UL. (Here U is the operator (36), below, exept with w
set to 6 − n, and this result follows from the non-existene of a non-trivial
onformal operator E2,2[2]→ E2,1[−2].) It follows from this and (ii) that (in
even dimensions n ≥ 6) (L,G) is a right fator of a Laplaian. That is, there
are linear dierential operators L and G suh that
(L , G)
(
L
G
)
= ∆ℓ + lots.
10 A.R. GOVER AND L.J. PETERSON
Sine also G is onformally invariant on the null spae of L, it follows that
G is a onformal gauge ompanion operator in the sense of [11℄. (See also
[9℄). Thus in Riemannian signature, the operator pair (L,G) is an ellipti
system. Sine L has Bi as a right fator, the system (Bi,G) is also ellipti and
has a onformally invariant null spae. Let us denote this by H2G, and note
that on ompat manifolds, H2G is nite-dimensional. This is losely related
to the seond ohomology of the deformation omplex. For example, from
Proposition 2.2 and an easy adaption of the proof of Proposition 2.5 in [9℄,
we obtain the following result, whih suggests that H2G is a andidate for a
spae of onformal harmonis. Here we write H i, i = 1, 2, for the rst and
seond ohomology spaes in the deformation omplex, and H1B for the rst
ohomology of the detour omplex (3).
Proposition 2.4. On even-dimensional onformally at manifolds of di-
mension n ≥ 6, there is an exat sequene:
0→ H1 → H1B →H
2
G → H
2.
The maps are as follows: H2G → H
2
is simply Φ 7→ [Φ]; H1B →H
2
G is the map
on the quotient N (B)/R(K) indued by the restrition of C to N (B), the null
spae of B; H1 → H1B is inlusion. There are further results onerning the
relationship of H1B to H
1
and H2G to H
2
, but this will be taken up elsewhere.
(See also [11℄.)
3. The ambient onstrution and trator alulus
In the subsequent setions we will explore the relationship between the
Feerman-Graham ambient metri onstrution [19℄ and trator alulus as
derived in [13℄ and [27℄. The notation and onventions for the ambient metri
losely follow [9℄.
For π : Q → M a onformal struture of signature (p, q), let us use ρ to
denote the R+ ation on Q given by ρ(s)(x, gx) = (x, s2gx). An ambient
manifold is a smooth (n+ 2)-manifold M˜ endowed with a free R+ation ρ
and an R+equivariant embedding i : Q → M˜ . We write X ∈ X(M˜ ) for the
fundamental eld generating the R+ation. That is, for f ∈ C
∞(M˜) and
u ∈ M˜ , we have Xf(u) = (d/dt)f(ρ(et)u)|t=0. For an ambient manifold M˜ ,
an ambient metri is a pseudoRiemannian metri h of signature (p+1, q+1)
on M˜ satisfying the onditions: (i) LXh = 2h, where LX denotes the
Lie derivative by X; (ii) for u = (x, gx) ∈ Q and ξ, η ∈ TuQ, we have
h(i∗ξ, i∗η) = gx(π∗ξ, π∗η); and (iii) Ric(h) = 0 up to the addition of terms
vanishing to order n/2 − 1 if n is even (or Ric(h) = 0 to all orders if n is
odd); (iv) h(X , ·) = 12dQ to all orders.
If M is loally onformally at, then there is a anonial solution to the
ambient metri problem to all orders. This is simply to take a at ambient
metri. This is fored by (iiii) in odd dimensions, but in even dimensions
this extends the solution (f. omments in [9℄). When disussing the onfor-
mally at ase, we assume this solution.
We write∇ for the ambient Levi-Civita onnetion, and we use upperase
abstrat indies A, B, et., for tensors on M˜ . The ambient Riemann tensor
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will be denoted RAB
C
D. Sine LXh = 2h, it follows that
(4) ∇X = h,
and
(5) XARABCD = 0.
Equalities without qualiation, as here, indiate that the results hold to all
orders or identially on the ambient manifold.
3.1. Trator bundles. Let E˜(w) denote the spae of funtions on M˜ whih
are homogeneous of degree w ∈ R with respet to the ation ρ. More
generally, a tensor eld F on M˜ is said to be homogeneous of degree w
if ρ(s)∗F = swF (i.e. LXF = wF ). Just as setions of E [w] are equivalent to
funtions in E˜(w)|Q, the restrition of a homogeneous tensor eld to Q has
an interpretation on M . Denote by T the spae of setions of TM˜ whih
are homogeneous of degree −1 and write T (w) for setions in T ⊗ E˜(w),
where the ⊗ here indiates a tensor produt over E˜(0). From [13℄ we have
the following results: We may identify the standard trator bundle T with
TM˜ |Q modulo a suitable R+-ation so that setions of T are in one-one or-
respondene with setions in T . Thus we write T for the spae of setions
of the standard trator bundle. The ltration of T, whih we traditionally
indiate by a omposition series,
(6) T = E[1]
✞
✝E1[1]
✞
✝E[−1],
reets the vertial subbundle of TQ and TQ as a subbundle of TM˜ |Q.
Then sine the ambient metri h is homogeneous of degree 2, it desends to
give a metri on T. This is the usual trator metri. Setions of T may be
haraterised as those setions of TM˜ whih are ovariantly parallel along
the integral urves of X (whih on Q are exatly the bres of π). The
normal trator onnetion agrees with the ambient onnetion as follows.
For U ∈ T , let U˜ be the orresponding setion of T |Q. A tangent vetor
eld ξ onM has a lift to a eld ξ˜ ∈ T (1), on Q, whih is everywhere tangent
to Q. This is unique up to adding fX, where f ∈ E˜(0). We extend U˜ and ξ˜
smoothly and homogeneously to elds on M˜ and form∇ξ˜U˜ |Q; this setion is
independent of the extensions and independent of the hoie of ξ˜ as a lift of
ξ and is exatly the setion of T (0)|Q orresponding to ∇ξU where ∇ here
indiates the trator onnetion.
When abstrat indies are required, the setion spaes of the trator bun-
dle and its dual an also be denoted T A and TA. A hoie of metri g from
the onformal lass determines [3, 14℄ a anonial splitting of the omposi-
tion series (6). Via this the semi-diret sums
✞
✝ in that series get replaed
by diret sums ⊕, and we introdue g-dependent setions ZAb ∈ T Ab[−1]
and Y A ∈ T A[−1] that desribe this deomposition of T into the diret
sum [TA]g = E[1] ⊕ Ea[1] ⊕ E[−1]. A setion V ∈ T then orresponds
to a triple [V ]g = (σ, µ, ρ) of setions from the diret sum aording to
V A = Y Aσ + ZAbµb +X
Aρ, and in these terms the trator metri is given
by h(V, V ) = gabµaµb+2σρ. Thus the trator ontrations of the projetors
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are
(7) XAYA = 1, Z
AbZAa = δ
b
a,
and 0 for the other pairings.
If Yˆ A and ZˆAb are the projetors for the metri gˆ = e
2ωg, then we have
(8) ZˆAb = ZAb +ΥbXA, Yˆ A = Y A −ΥbZ
Ab − 12ΥbΥ
bXA.
Here Υ := dω. In terms of this splitting, determined by g, the trator
onnetion is given by
(9) ∇aXA = ZAa , ∇aZAb = −PabXA − YAgab , ∇aYA = PabZA
b.
We use the notation T˜
Φ
to denote an arbitrary ambient tensor bundle
(with T˜
0
meaning the trivial bundle) and write T
Φ(w), w ∈ R, for the
subspae of Γ(T˜Φ) onsisting of setions S satisfying ∇XS = wS; we will
say suh setions are homogeneous of weight w. From the onstrutions
above, it follows that the setions in T
Φ(w)|Q are equivalent to setions of a
trator bundle that we denote T
Φ[w]. We write T Φ[w] for the setion spae
of the latter.
A basi example of interest is the bundle of k-form trators Tk, whih is the
kth exterior power of the bundle of standard trators. It is straightforward
to verify that this has a omposition series whih, in terms of setion spaes,
is given by
(10) T k = ΛkT ∼= Ek−1[k]
✞
✝ {Ek[k]⊕ Ek−2[k − 2]}
✞
✝ Ek−1[k − 2].
Also of diret relevane to our onstrutions below are the bundles whih we
denote T
2,2[w]. For a given w ∈ R, T2,2[w] is the subbundle of T2⊗T2⊗E[w]
onsisting of trators of weight w and Weyl tensor type symmetries (that is,
Riemann tensor type symmetries and also trae-free). We write T 2,2[w] for
the setion spae of T
2,2[w] and note that (with notation as in Setion 2) it
has the omposition series
(11)
E2,2[w + 4]
⊕
E2,1[w + 4] E2[w + 2] E2,1[w + 2]
E1,1[w + 4]
✞
✝ ⊕
✞
✝ ⊕
✞
✝ ⊕
✞
✝E1,1[w].
E1[w + 2] E1,1[w + 2] E1[w]
⊕
E [w]
A omment on puntuation is in order: here the olumns represent omposi-
tion fators, deomposed into so(g)-irreduibles, and these are separated by
✞
✝ 's whih indiate the omposition struture. This series may be obtained
by any so(n+2) to so(n) branhing-rule algorithm or, alternatively, by sim-
ply onsidering the possible ontrations of the projetors X, Y , and Z into
a typial element of T 2,2[w].
3.2. Operators and invariants via the ambient metri. An operator P
ating between ambient tensor bundles is said to be homogeneous of weight
u ∈ R if [∇X, P ] = uP . Operators homogeneous in this sense map homoge-
neous tensors of weight w to homogeneous tensors of weight w + u. On the
other hand, a dierential operator P is said to at tangentially along Q, as an
operator on some domain spae, if we have PQ = QP ′ for some operator P ′
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(or equivalently [P,Q] = QP ′′ for some P ′′). Of partiular interest are linear
dierential operators P whih are both homogeneous and also, on some ho-
mogeneous tensor spae T
Φ(w) as domain, at tangentially along Q. Eah
suh operator P learly determines a well-dened operator on T Φ(w)|Q, the
restrition of the relevant homogeneous tensor spae to Q, and hene deter-
mines an operator on the equivalent weighted trator bundle setion spae
T Φ[w]. If the operator P is natural as an operator on the ambient manifold,
then sine the ambient onstrution is not dependent on a hoie of metri
from the onformal lass, it follows that the indued operator on weighted
trator elds is onformally invariant. The remaining issue is whether this
indued operator is natural for the underlying onformal struture. For the
operators we are interested in here, we solve this by giving an algorithm for
expressing the indued operator as a formula in terms of known natural op-
erators. This solves two problems, sine one of our aims is to obtain expliit
formulae for the operators onerned.
Before we onstrut examples of suh operators, we require some further
bakground. First note that from (4), we have
(12) [∆,X] = 2∇, where ∆ :=∇A∇A,
and ∇AQ = 2XA. Both identities hold to all orders. Thus ∇XQ = 2Q;
Q is homogeneous of weight 2. A short omputation shows that if U is an
ambient tensor eld, then
(13) [∆, Q]U = 2(n + 2∇X + 2)U.
It follows that for any positive integer ℓ, if an ambient tensor eld U is
O(Qℓ), then ∆U and ∇U are both O(Qℓ−1).
Now we dene an operator that we denote D (or DA when indies are
used). Let
(14) DV :=∇(n+ 2∇X − 2)V −X∆V,
for any ambient tensor eld V . It is readily veried that D is homogeneous
of weight −1. By (12) we also have the equivalent formula
(15) DV =∇(n+ 2∇X)V −∆XV.
Using either of these with the omputations above, we obtain
DQV = QDV + 4Q∇V,
and so D ats tangentially. For later use we note that for any integer ℓ ≥ 2,
if V is O(Qℓ), then DAV is O(Q
ℓ−1).
Sine D ats tangentially on any ambient tensor bundle, it follows that
for every trator bundle T Φ and w ∈ R we obtain an operator
D : T Φ[w]→ T ⊗ T Φ[w − 1]
equivalent toD as an operator T Φ(w)|Q → T ⊗T
Φ(w−1)|Q. It is straight-
forward to prove (see [13, 27℄) that D is the usual trator-D operator of
[33, 3℄. For a given hoie of metri g from the onformal lass and for any
V ∈ T Φ[w], D is given expliitly by
(16) DAV := (n+ 2w − 2)wY AV + (n+ 2w − 2)ZAa∇aV −X
A
V,
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where V := ∆V +wJV . We note that D is a natural dierential operator.
A dierential operator taking values in a trator bundle (or ating between
trator bundles) is said to be natural if the so(g)-irreduible omponents of
the operator are natural.
Note that ating on T
Φ(1−n/2),D is simply −X∆, and orrespondingly
D simplies to −X on T Φ[1− n/2]. Thus ∆ ats tangentially on T Φ(1−
n/2) and, as an operator on the restrition of this spae to Q, is equivalent
to the trator-oupled onformal Laplaian
(17)  : T Φ[1− n/2]→ T Φ[−1− n/2].
Many identities involving D are obtained most easily by alulating with
D on M˜ . For example, a short alulation using (4) and (12) shows that
(18) DAX
AV = (n+ 2w + 2)(n + w)V −Q∆V
for any V ∈ T Φ(w). Hene for any V ∈ T Φ[w], we have
(19) DAX
AV = (n+ 2w + 2)(n + w)V.
An observation key to the next setion is that the ambient urvature R
is, at low orders at least, harmoni for a ertain Laplaian. Before we
onstrut this Laplaian we need some further notation. Let us write ♯
(hash) for the natural tensorial ation of setions A of End(TM˜) on ambient
tensors. For example, on an ambient ovariant 2-tensor TAB , we have
A♯TAB = −A
C
ATCB −A
C
BTAC .
If A is skew for h, then at eah point, A is so(h)-valued. The hash a-
tion thus ommutes with the raising and lowering of indies and preserves
the SO(h)-deomposition of tensors. (For example, A♯ maps trae-free sym-
metri tensors to trae-free symmetri tensors). As a setion of the tensor
square of the h-skew bundle endomorphisms of TM˜ , the ambient urvature
has a double hash ation on ambient tensors; we write R♯♯T . As a point on
puntuation, it should be noted that we will treat tensors in omposite ex-
pressions as multipliation operators. A omposition of operators L, M , and
N ating on S denoted LMNS means L(M(N(S))). For example, ∇R♯♯T
has the same interpretation as ∇(R♯♯T ).
From the Bianhi identities, we have that on any Riemannian or pseudo-
Riemannian manifold,
(20)
4∇A1∇B1RicA2B2 =
∆RA1A2B1B2 +
1
2R♯♯RA1A2B1B2
−RicCA1R
C
A2B1B2 +RicCB1R
C
B2A1A2 .
Remark: In (20) we adopt the onvention that sequentially labelled in-
dies in the subsript position (suh as A1 and A2) are impliitly skew-
symmetrised. This onvention applies throughout this paper unless noted
otherwise. ||||
Let us dene a Laplaian operator∆/ by the formula
∆/ :=∆+
1
2
R♯♯.
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Then from (20) and the onditions on Ric(h) for the ambient metri, we
have
(21) 4∇A1∇B1RicA2B2 =∆/RA1A2B1B2 +O(Q
n/2−1)
in even dimensions. Therefore
(22) ∆/RBCDE = 0
modulo O(Qn/2−3) in even dimensions and to innite order in odd dimen-
sions.
Remarks: 1. The operator∆/ is a type of form-Laplaian. On a Riemann-
ian or pseudo-Riemannian manifold, suppose U is any tensor with Riemann
tensor type symmetries. A short alulation shows that
∆/U = −
1
2
(
δ∇
1
d∇
1
+ d∇
1
δ∇
1
+ δ∇
2
d∇
2
+ d∇
2
δ∇
2
)
U,
where d∇i is the Levi-Civita onnetion-oupled exterior derivative, δ
∇
i its
formal adjoint, and the index i is 1 or 2 aording to whether we regard
U as a 2-form (with values in a tensor bundle) on the rst pair of in-
dies or the last pair. (In terms of the Levi-Civita onnetion ∇, we have,
for example, (d∇
1
U)A0A1A2B1B2 = 3∇A0UA1A2B1B2 and (δ
∇
2
U)A1A2B2 =
−∇B1UA1A2B1B2 .)
Returning to the ambient manifold, note that from these observations, the
results onerning the degree to whih the ambient urvature is∆/ -harmoni
are manifest, sine on the one hand d∇
1
and d∇
2
annihilate R by the Bianhi
identity and on the other hand δ∇
1
R and δ∇
2
R are O(Qn/2−2) (or O(Q∞) in
odd dimensions) by dint of the ontrated Bianhi identity and the ondition
(iii) on the ambient Rii urvature.
2. Note that from (20), ifRic vanishes to all orders on the ambient manifold,
then it is immediate that ∆/R vanishes to all orders. Conversely, if ∆/R
vanishes to all orders, then so does 4∇A1∇B1RicB2A2 +RicCA1R
C
A2B1B2−
RicCB1R
C
B2A1A2 . On the other hand, ontrating the latter withX
A1XB1
and using (4) and (5) yields 2RicA2B2 . Thus on the ambient manifold, the
vanishing of Ric to all orders is equivalent to the vanishing of ∆/R to all
orders. ||||
We may view the operator∆/ as the speial ase α = 1/2 of the family of
ambient Laplaians
(23) ∆α := ∆+ αR♯♯, α ∈ R,
whih also inludes the ambient form Laplaian at α = 1 and the usual
ambient Bohner Laplaian at α = 0. While the latter was used in the
onstrutions of [30℄ giving onformal operators between densities, the gen-
eralisation to the ambient form Laplaian proved appropriate in [9℄ for the
study of onformal operators on (weighted) dierential forms. It seems likely
that others in the family will also have important roles, and so muh of the
disussion in the next setion allows for the possibility of any α ∈ R. Cer-
tain key identities for ∆ are unaeted by the addition of the R♯♯ term. In
partiular, sine XARABCD = 0 it follows that
(24) [∆α,X ] = [∆,X] = 2∇.
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Using this, or even more simply by noting that [R♯♯,Q] = 0, we obtain
(25) [∆α, Q] = [∆, Q] = 2(n + 2∇X + 2).
A point of departure is [∆α,∇]. Observe that if VBC···E is any ambient
tensor, then by the Rii atness of the ambient metri,
(26)
[∆,∇A]VBC···E =
−2RA
P
B
Q∇PVQC···E − 2RA
P
C
Q∇PVBQ···E − · · ·
−2RA
P
E
Q∇PVBC···Q.
This equality holds modulo O(Qn/2−2) in even dimensions and to innite
order in odd dimensions.
Using the results above and the Bianhi identities, it is straightforward to
verify that if we dene the ambient homogeneous (of weight −2) tensor eld
(27) WA1A2B1B2 :=
3
n− 2
DA0XA0RA1A2B1B2 ,
then in dimensions other than 4, we have
W |Q = (n − 4)R|Q.
Note that W is well-dened in all dimensions and by onstrution is on-
formally invariant. Thus the equivalent trator eld WABCE is onformally
invariant and of weight −2. In dimensions other than 4, it is immediate that
this has Weyl tensor type symmetries. (Reall that R|Q is trae-free.) In
fat, it has these symmetries in all dimensions and is a natural trator eld.
In a hoie of onformal sale, WABCE is given by
(28)
(n− 4)
(
ZA
aZB
bZC
cZE
eCabce − 2ZA
aZB
bX[CZE]
eAeab
−2X[AZB]
bZC
cZE
eAbce
)
+ 4X[AZB]
bX[CZE]
eBeb,
where Aabc is the Cotton tensor,
(29) Aabc := 2∇[bPc]a,
and
(30) Bab := ∇
cAacb + P
dcCdacb.
Note that from (28) it follows that, in dimension 4, Beb is onformally in-
variant. This is the Bah tensor: from the ontrated Bianhi identity, we
have
(31) (n− 3)Aabc = ∇
dCdabc,
and so in dimension 4 (30) agrees with (1). In other dimensions n ≥ 3 we
also refer to Bab, as dened in (30), as the Bah tensor. The trator eld
W rst appeared in [23, 24℄. The onnetion to the ambient urvature was
derived in [13℄, where the above results are treated in detail.
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4. Conformal Laplaians and the ambient obstrution
In this setion we show how one an obtain the ambient obstrution tensor
by applying a onformally invariant operator/ n/2−2 of the form∆
n/2−2+lots
to the natural trator eld W dened above. For any integer m ≥ 1, we let
/ m := 
1/2
m ,
where 
1/2
m is the ase α = 1/2 of the operator αm of Theorem 4.1, below.
We prove Theorem 4.1 in Setion 4.1. The indutive nature of the proof
of Theorem 4.1 will show that one an onstrut expliit trator formulae
for the operators 
α
m in terms of X, D, W , h, and h
−1
. One may thus use
Theorem 4.2 together with a hoie of onformal sale and the formula forW
given in (28) to onstrut a trator formula for Oab. It is then easy to expand
this trator formula to a formula in terms of the Levi-Civita onnetion and
its urvature.
In what follows, the phrase generi n-even ase refers to the ase in whih
n is even and M is onformally urved.
Theorem 4.1. For every integer m ≥ 1 and for every α ∈ R, there exists a
onformally invariant operator 
α
m : T
Φ[m− n/2]→ T Φ[−m− n/2] having
leading term ∆m whih is natural as follows: in odd dimensions and for
onformally at M for all m ≥ 1; in the generi n-even ase for 1 ≤ m ≤
n/2− 2, or if α = 0 for 1 ≤ m ≤ n/2− 1, or if T Φ[m− n/2] = T [m− n/2]
for 1 ≤ m ≤ n/2 − 1, or if T Φ[m − n/2] = T 0[m− n/2] for 1 ≤ m ≤ n/2.
In these ases there is a trator formula for 
α
m whih is given by a partial
ontration polynomial in , D, W , X, h, and h−1, and this polynomial is
linear in U . In the trator formula for αmU , eah free index appears either
on U or on a W -trator.
We believe the operators / m will be important for many problems. For
our urrent purposes, we are primarily interested in them when n is even,
m = n/2− 2, and the domain bundle is T 2,2[−2]. In partiular, we have the
following result, whih is an immediate onsequene of Theorem 4.4, below.
Theorem 4.2. Let M be a onformal manifold of dimension n even. Then
(32) / n/2−2WA1A2B1B2 = K(n)XA1ZA2
aXB1ZB2
bOab.
Here K(n) is a known non-zero onstant depending on n. The tensor Oab ∈
E(ab)0 [2 − n] is the Feerman-Graham obstrution tensor. It is onformally
invariant and natural.
We have K(4) = −8. In dimensions n ≥ 6, K(n) is given by (n − 4)k(n),
where k(n) is given in (40), below. Note that / n/2−2W ∈ T
2,2[2 − n]. The
theorem states that its omponents vanish in all fators of the omposition se-
ries (11) for T 2,2[2−n], exept for the (injeting) fator E1,1[−2] = E
1,1[2− n],
and the term here is, up to sale, the obstrution.
From these theorems we have the following result.
Theorem 4.3. The obstrution tensor Oab vanishes on onformally Einstein
manifolds.
Proof: A onformally Einstein manifold M admits a parallel standard tra-
tor I (see [26℄) suh that σ := IAXA 6= 0 is an Einstein sale. It follows
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immediately that I annihilates the trator urvature Ωbc
D
E : ∇cI
D = 0 =⇒
Ωbc
D
EI
E = [∇b,∇c]I
D = 0. Also sine I is parallel then, viewing it as a
multipliation operator, it is lear that [D, I] = 0. From (27) (see also [13℄)
we have WA1A2
D
E =
3
n−2D
A0XA0ZA1
bZA2
cΩbc
D
E . Thus WBCDEI
E = 0.
By Theorem 4.1 there is a formula for / n/2−2WA1A2B1B2 whih is poly-
nomial in , D, W , X, h, and h−1, and in this formula eah of the indies
A1, A2, B1, and B2 appears on a W trator. On the other hand, sine I is
parallel and of weight 0, it ommutes with the operators in this expression
for / n/2−2WA1A2B1B2 . Thus
(33) I
B1/ n/2−2WA1A2B1B2 = 0,
sine I
AWABCD = 0.
From [26℄ we have I
A = 1nD
Aσ. Thus from the expression (16) for the
trator-D operator, we have the expression
[IA]g = σY
A −
1
n
JσXA
for I
A
in terms of the (Einstein) metri g := σ−2g. (Reall that if ∇ is
the Levi-Civita onnetion determined by g = σ−2g, then tautologially
∇σ = 0.) In partiular, in this sale, we have IAZA
a = 0. Thus from
Theorem 4.2 above,
4(K(n))−1ZA2aZ
B2
bI
A1I
B1/ n/2−2WA1A2B1B2 = σ
2Oab.
But from (33), the left-hand side vanishes, and hene Oab = 0 on M . 
Obtaining the obstrution tensor via a onformally invariant operator on
a trator eld, as in Theorem 4.2, enables us to relate it to other onformally
invariant operators assoiated with the deformation omplex, by ideas along
the lines of the urved translation priniple of Eastwood et alia [16℄. This is
the idea behind Theorem 2.3, whih we are now ready to prove. Related gen-
eralisations of the urved translation priniple have been explored in depth
in the setting of operators on dierential forms [9℄.
Proof of Theorem 2.3: We rst onstrut B and prove (iii). Let W 2,2
denote the quotient of T
2,2[−2] by the subbundle whih is the kernel of the
bundle map T
2,2[−2]→ T3 ⊗ T3 given by
UA2A3B2B3 7→ XA1XB1UA2A3B2B3 .
We write W2,2 for the subbundle of T
2,2[2 − n] onsisting of trators whih
are annihilated by any ontration with X. We write W2,2 and W2,2 for
the setion spaes of, respetively, W 2,2 and W2,2. Note that omplete
ontrations between elements of T
2,2[−2] and setions of T2,2[2 − n] take
values in E[−n]. Hene there is a onformally invariant pairing between
T 2,2[−2] and T 2,2[2− n]. It is lear that the ontrations between elements
of T
2,2[−2] and setions of T2,2[2 − n] indue a well-dened bundle map
〈·, ·〉 : W 2,2 ⊗W2,2 → E[−n], and so there is also a onformally invariant
pairing between W2,2 and W2,2.
Given a setion UABCD ∈ T
2,2[−2], let us write [UABCD] for its image
in the quotient spae W2,2. From the trator omposition series (6) (see
also (10) and the disussion there), it follows easily that the spae W2,2
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has a omposition series E1,1[2]
✞
✝ E2,1[2]
✞
✝ E2,2[2] and that the injetion I :
E2,2[2]→W2,2 is given by
uabcd 7→ [ZA
aZB
bZC
cZD
duabcd].
The dierential operator D :W2,2 → T 2,2[−2] given by
[UA2A3B2B3 ] 7→
9
n(n− 2)
Y2,2D
A1DB1XA1XB1UA2A3B2B3
is learly well-dened and onformally invariant. Here Y2,2 is the bundle map
whih exeutes the projetion of T
2[−1] ⊗ T2[−1] onto the diret summand
T
2,2[−2]. We write D∗ for the formal adjoint of D. This is a onformally
invariant operator
D
∗ : T 2,2[2− n]→W2,2.
On the other hand, from Theorem 4.1 there is a onformally invariant Lapla-
ian type operator / n/2−2 : T
2,2[−2] → T 2,2[2 − n]. Thus we have the
omposition
D
∗
/ n/2−2D :W
2,2 →W2,2.
The operator B in the theorem is (up to a onstant multiple) simply the
omposition
(D∗/ n/2−2DI =: B) : E
2,2[2]→W2,2.
By onstrution this is natural and onformally invariant.
Now in a onformal sale, (DI(u))BCEF is given expliitly by the expres-
sion
(34)
(n− 4)
(
(n− 3)ZB
bZC
cZE
eZF
fubcef
−2ZB
bZC
cX[EZF ]
f∇euefbc − 2X[BZC]
cZE
eZF
f∇bubcef
)
+4X[BZC]
cX[EZF ]
f (∇(b∇e)ubcef + (n− 3)P
beubcef ).
Thus from (28) and a minor alulation,
(35) D
(
I(C)
)
ABCD
= (n − 3)WABCD,
where C is the Weyl urvature.
From Theorem 4.2 and (35) we have
(/ n/2−2DIC)A2A3B2B3 = (n− 3)K(n)XA2ZA3
aXB2ZB3
bOab.
That is,/ n/2−2DIC takes values in the fator E1,1[−2] in the omposition se-
ries for T 2,2[2−n]. (Note that this fator is a onformally invariant subspae.)
Now the formal adjoint of the trator-D operator is again the trator-D op-
erator [8℄. So
D
∗XA2ZA3
aXB2ZB3
bOab =
9
n(n−2)X
B1XA1DB1DA1XA2ZA3
aXB2ZB3
bOab.
But a short alulation using (9) and (16) shows that this operation just
returns 4(n − 4)(n − 3)XA2ZA3
aXB2ZB3
bOab, and this proves part (iii) of
the theorem. All non-vanishing multiples an be absorbed into the denition
of B.
We treat now part (i). We need to show that I∗B has order n − 4 and is
non-trivial. Sine by onstrution there is a universal natural expression for
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the operator L, it is suient to establish this on the standard onformal
sphere. Reall that/ n/2−2 has leading term ∆
n/2−2
. Thus/ n/2−2 is ellipti
(sine the sphere has Riemannian signature). From (34) it is lear that
DI : E2,2[2] → T 2,2[−2] is a dierential splitting operator; there is a bundle
homomorphism J : T2,2[−2]→ E2,2[2] suh that JDI is the identity on E2,2[2].
Thus on any manifold, R(DI : E2,2[2] → T 2,2[−2]) is innite-dimensional,
and it follows immediately that / n/2−2DI is non-trivial on the standard
onformal sphere. Now ating on E2,2[2],/ n/2−2DI takes values in T
2,2[2−n].
The omposition series for T 2,2[2 − n] is given by (11) with w = 2 − n.
From this we see, for example, that there is a anonial projetion T 2,2[2−
n] → E1,1[6 − n] = E1,1[2]. One an ompose the operator / n/2−2DI :
E2,2[2]→ T 2,2[2−n] with this anonial projetion. By onstrution, this is
a onformally invariant operator E2,2[2]→ E1,1[2]. On the other hand, from
the the lassiation of operators on onformally at strutures, as disussed
in Setion 2, the only onformally invariant operators on E2,2[2] taking values
in irreduible bundles are as follows: there is an operator E2,2[2] → E3,2[2]
and an operator E2,2[2]→ E2,2[−2]. From elementary weight onsiderations,
we know the latter has order n − 4. Thus the omposition desribed must
be trivial. Continuing in this fashion and also using (8), one onludes that
/ n/2−2DI takes values in the subspaeW2,2 = E2,2[−2]
✞
✝ E2,1[−2]
✞
✝ E1,1[−2],
and the omposition of / n/2−2DI with projetion to E2,2[−2] is neessarily
non-trivial. This omposition is thus the unique (up to sale) onformally
invariant operator between these bundles (on the onformal sphere). We
are now done as follows. On the one hand, I∗D∗ is the formal adjoint of a
splitting operator for E2,2[2] and therefore ats as a multiple of the identity
on the omponent E2,2[−2]. On the other hand, I
∗
D
∗
must annihilate the
omponents E2,1[−2] and E1,1[−2], sine these have higher total order than
the target bundle for the omposition (viz. E2,2[−2]) and a natural dierential
operator annot lower order.
Finally, we onsider (ii). Let us rst onsider the ase of a at Riemannian
or pseudo-Riemannian struture. So all urvature will vanish, until we note
otherwise. Let Fa1a2 denote a 2-form. Then∆
n/2−2DA0XA0ZA1
a1ZA2
a2Fa1a2
is well understood as a speial ase of the results in [9℄. (See Proposition 4.6.)
The non-zero omponents of this have values in a subbundle of T 2[2 − n]
with omposition series E2 ⊕ E1. These omponents are (up to an overall
non-zero onstant multiple)

 (δd)n/2−2F
aδ(dδ)n/2−2F

 ,
where d is the exterior derivative, δ its formal adjoint, and a is a non-zero
onstant. Composing these omponents on the left with (δd , 1ad) yields
(δd + dδ)n/2−1F = (−1)n/2−1∆n/2−1F . Now on at strutures we have the
identity
(n− 2)
(
DI(u)
)
A1A2B1B2
= 3DA0XA0ZA1
a1ZA2
a2Ua1a2B1B2 ,
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where u ∈ E2,2[2] and Ua1a2B1B2 is the onformally invariant form-trator
given in sale by letting w equal 2 in the formula
(36) Ua1a2B1B2 = (n+w−5)ZB1
b1ZB2
b2ua1a2b1b2 +2XB1ZB2
b2∇b1ua1a2b2b1 .
Thus by viewing U as a 2-form with values in a trator bundle and replaing
∇, d, and δ with their trator onnetion oupled variants in the argument
above, we onlude that there is an operator A suh that
A∆n/2−2DI(u) =
3
n− 2
A∆n/2−2DA0XA0ZA1
a1ZA2
a2Ua1a2B1B2
= ∆n/2−1U.
We ontinue with similar onsiderations, exept that now we view ua1a2b1b2
as a 2-form on the b1b2 index pair that takes values in End(TM). If F now
indiates a 2-form of weight w′, then we have
K(F ) : =
3
n+ 2w′ − 2
DA0XA0ZA1
a1ZA2
a2Fa1a2
= (n+ w′ − 4)ZA1
a1ZA2
a2Fa1a2 + 2XA1ZA2
a2∇a1Fa2a1 .
So if, in partiular, w′ = 1, then the formula on the right-hand side agrees
with (36) (with w = 2). In formally alulating ∆n/2−1Ua1a2B1B2 using the
identities (9) and the Leibniz rule to obtain a formula polynomial in u, ∇,
the metri g, its inverse, and the projetors X, Y , and Z, we may ignore
the a1 and a2. Their ontribution is buried in the meaning of the Levi-
Civita onnetion ∇. Now for a 2-form F of weight 1, we have that on at
strutures, ∆n/2−1K(F ) takes values in E2[−1]
✞
✝ E1[−1] and has the form [9℄
 ((3− n)(δd)n/2−1 + (dδ)n/2−1)F
∗


there, up to an overall non-zero multiple. Here ∗ indiates some term, the
details of whih will not onern us. We note that the top expression gives
an ellipti operator on F ; we may at on this with the operator δd+(3−n)dδ
to yield (3−n)(−1)n/2∆n/2F . Thus there is a linear dierential operator A2
suh that
A2∆
n/2−1U = ∆n/2u.
Combining these observations, we see that there is a linear dierential
operator A3 suh that
A3∆
n/2−2
DI(u) = ∆n/2u.
Finally, we note that one an easily verify diretly that D
∗
is dierentially
invertible as a graded dierential operator on the subspae W2,2. (That
is, its inverse is also a graded dierential operator. The point is that in
terms of a splitting of W2,2 determined by a hoie of onformal sale,
a straightforward alulation shows that D
∗
takes the form (u, v, w) 7→
(ku, ℓv + δ·u,mw + δ·v + δ·δ·u), where k, ℓ, and m are non-zero integers,
δ· indiates a divergene operator, and δ·δ· a double divergene operator.)
Thus with B dened to be the neessary multiple of A3(D
∗)−1, we have the
result (ii) for at strutures. But now the result follows in general, sine
moving to urved strutures yields the same formal alulation, exept that
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at eah stage the dierential operators onerned may have additional lower
order terms involving urvature. It is easily heked that these terms an
only yield terms of order lower than n in the nal alulation of BB. 
Proof of Proposition 2.2: We treat L rst. We already have L = Bi∗Bi in
dimension 6, and so we shall assume that n ≥ 8. Let us denote by
U : E2,2[2]→ E2 ⊗ T 2
the onformally invariant operator given by (36). We write d∇ for the trator
onnetion oupled exterior derivative and δ∇ for its formal adjoint. Thus
for example for U ∈ E2 ⊗ T 2 we have (d∇U)a0a1a2B1B2 = 3∇a0Ua1a2B1B2 . It
is straightforward using (9) to verify that on onformally at strutures, the
omposition d∇U an be re-expressed in the form MBi, where M : E3,2[2]→
E3 ⊗ T is a onformally invariant rst-order dierential splitting operator.
There are onformally invariant formally self-adjoint operators Lk : E
k →
Ek, 0 ≤ k ≤ n, with leading term (δd)
k
. These are the long operators for
the de Rham omplex given in [9℄. It is shown there that there are natural
linear dierential operators Qk+1 suh that Lk = δQk+1d.
Now suppose we are on a ontratible (onformally at) manifold. This
sues for our present purposes. Then the trator bundle is at and triv-
ial. It follows that there are onformally invariant and formally self-adjoint
trator-oupled variants of the Lk,
L∇k : E
k ⊗ T 2 → Ek ⊗ T
2.
These are obtained by formally replaing, in the natural formulae for Lk =
δQk+1d, eah instane of d, δ, and the Levi-Civita onnetion with, respe-
tively, d∇, δ∇, and the Levi-Civita trator-oupled onnetion. By onstru-
tion the result has a fatorisation L∇k = δ
∇Q∇k+1d
∇
for some dierential
operator Q∇k+1.
Observe that by omposition, we have a formally self-adjoint onformally
invariant operator U
∗L∇2 U : E
2,2[2] → E2,2[−2], where U
∗
is the formal ad-
joint of U. We will re-express this. By taking formal adjoints, we have
U
∗δ∇ = Bi∗M∗ from d∇U = MBi. Thus we obtain an operator
Bi
∗
M
∗Q∇3 MBi : E
2,2[2]→ E2,2[−2].
The result follows from the uniqueness of L, provided the displayed operator
is non-trivial. It is learly suient to establish this for Riemannian signa-
ture strutures and at a at metri within the onformal lass. We use the
alternative expression U
∗δ∇Q∇3 d
∇
U = Bi∗M∗Q∇3 MBi. On at strutures,
Q3 = (dδ)
n/2−3
, and so Q∇3 = (d
∇δ∇)n/2−3. Sine the trator onnetion is
at, it follows that for u ∈ E2,2[2] of ompat support, δ∇(d∇δ∇)n/2−3d∇U(u)
vanishes if and only if d∇U(u) vanishes. (Suppose d∇U(u) 6= 0. Then
there exists a parallel T ∈ T 2 suh that TB1B2(d∇U(u))a0a1a2B1B2 6= 0,
i.e., df 6= 0, where fa1a2 := T
B1B2U(u)a1a2B1B2 . But, on the other hand,
if 0 = TB1B2(δ∇(d∇δ∇)n/2−3d∇U(u))a0a1a2B1B2 , then (δd)
n/2−2f = 0 ⇒
df = 0.) This is equivalent to MBi(u) vanishing. Sine M is a dieren-
tial splitting operator, this in turn is equivalent to Bi(u) = 0. Thus the
omposition δ∇Q∇3 d
∇
U : E2,2[2] → E2 ⊗ T
2
is non-trivial. Now it is easily
veried that E2,2[−2] turns up with multipliity 1 in the omposition series
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for E2⊗T
2
. It follows, by an exat analogue of the argument used on page 20
that δ∇Q∇3 d
∇
U takes values in, and only in, E2,2[−2] and omposition fators
of higher total order. Thus on the range of this operator, U
∗
ats as a non-
zero multiple of the projetion to the omponent E2,2[−2]. (Reall that U
∗
is
the formal adjoint of a dierential splitting operator U : E2,2[2] → E2 ⊗ T 2,
and so it must at as a non-zero multiple of the identity on the omponent
E2,2[−2]. On the other hand, it is dierential, so it annot lower total order.)
Now we onsider the situation for B. We require a onformally invariant
dierential splitting operator Γ : E1,1[2] → E1 ⊗ T 2 that will play a role,
in this ase, analogous to the role of U above. This is easily onstruted
expliitly and diretly (and an be obtained from a omposition of the related
operators in Setion 5.1 of [11℄), and so we omit the details. Sine Γ has
values in a weight zero adjoint trator-valued bundle of 1-forms it is lear
that the omposition d∇Γ is onformally invariant. This is easily veried
non-trivial. On the other hand, in terms of a metri g, the trator urvature
is given by
ZB1
b1ZB2
b2Ca1a2b1b2 +
2
n− 3
XB1ZB2
b2∇b1Ca1a2b2b1 .
Thus the linearisation, at a onformally at metri g0, of the trator urva-
ture is
1
n−3UC. This is manifestly non-trivial, and so, via arguments as used
several times already onerning the uniqueness of irreduible onformally
invariant operators, it is straightforward to verify that this operator must
agree with d∇Γ (on onformally at strutures), at least up to sale. We set
the sale of Γ so that d∇Γ = 1n−3UC. On at manifolds, Q2 = (dδ)
n/2−2
,
and so by almost the same argument as for L, we onlude that on onfor-
mally at manifolds, the formally self-adjoint onformally invariant operator
C
∗
U
∗Q∇2 UC is non-trivial. 
The next theorem shows that for n even, if the ambient urvature is for-
mally Rii at to O(Qn/2−1), then a tensor part of the oeient of Qn/2−1
is a natural onformal invariant of the underlying manifold and so is an ob-
strution to nding an ambient metri whih is Rii at to higher order. For
our purposes, the main point is that this is ahieved by (37), whih reovers
this obstrution via a tangential operator ating on the ambient urvature.
Theorem 4.4. For a onformal manifold M of even dimension n, let h be
an assoiated ambient metri satisfying Ric(h) = Qn/2−1B. Then we have
(i) B|Q is equivalent to a trator BAB ∈ E(AB)0 [−n] suh that X
ABAB = 0.
(ii) The weighted tensor ZAaZ
B
bBAB =: Oab is a setion of E(ab)0 [2 − n].
(iii) For n ≥ 6, we have
(37) ∆/n/2−2RA1A2B1B2 = k(n)XA1XB1BA2B2 +O(Q),
where k(n) is the dimension dependent non-zero onstant given above.
In dimension 4,
3DA0XA0RA1A2B1B2 = 16XA2XB1BA1B2 +O(Q).
(iv) The tensor Oab is divergene-free.
(v) The weighted tensor Oab is a non-trivial natural onformal invariant of
the form ∆n/2−2∇c∇dCcadb + lots = (n − 3)∆
n/2−2(∆Pab − ∇a∇bJ ) + lots
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(up to a onstant multiple), and so is an obstrution to nding an ambient
metri whih is Rii at modulo O(Qn/2).
Remarks: 1. The statement of the theorem up to the denition of Oab in
(ii) is a haraterisation of the Feerman-Graham obstrution tensor [28℄.
See also [20℄. (This gives a omplete obstrution to the ambient metri in the
sense that if this vanishes, then the ambient onstrution may be ontinued
to all orders [19℄.) Hene Oab is the usual obstrution tensor, as laimed in
Theorem 4.2. Thus part (iii), above, gives a new ambient formula for the
Feerman-Graham obstrution tensor.
2. From (25) it follows easily that Oab may be equally viewed as an obstru-
tion to obtaining an ambient metri whih is harmoni for ∆/ in the sense
that∆/R vanishes to all orders. See also the remark on page 15.
3. It should be pointed out that
(38) ∆
n/2−3
∆/RA1A2B1B2 = k(n)XA1XB1BA2B2 +O(Q)
is an alternative ambient formula for the obstrution, and we ould replae
the ∆
n/2−3
by ∆
n/2−3
α in this formula. ||||
Proof of Theorems 4.2 and 4.4: As above, we write Ric for Ric(h).
It is immediate that B is symmetri and homogeneous of weight −n. Also
from (5) it follows that XABAB = 0. So B|Q is equivalent to a trator
eld BAB ∈ T(AB)[−n] satisfying X
ABAB = 0. From this last equality and
(8), it is lear that Oab is onformally invariant, while from the weight and
symmetry of BAB , it follows that Oab ∈ E(ab)[2 − n]. For parts (i) and (ii),
it remains to show that both BAB and Oab are trae-free.
First we onsider the ase n 6= 4. Note that sine ∇AQ = 2XA, we have
(39) ∇A1∇B1RicA2B2 = (n−2)(n−4)Q
n/2−3XA1XB1BA2B2+O(Q
n/2−2).
From (21) and (25) together with a short omputation, it follows that
∆/n/2−2RA1A2B1B2 = k(n)XA1XB1BA2B2 +O(Q),
as laimed in (iii), where
(40) k(n) = (n − 2)(n − 4)(−1)n/2−32n−4
(
(n/2− 3)!
)2
.
(Note that (21) and (25) also give the alternative formula in Remark 3,
above.)
Sine (n−4)R|Q is equivalent to the trator eldW , it follows from Propo-
sition 4.8, below, that (n−4)∆/n/2−2R|Q desends to the natural trator eld
/ n/2−2W . On the other hand, using δB
A = XAYB + Y
AXB + Z
A
aZB
bδb
a
and the fat that XABAB = 0, we see that
(41) XA1XB1BA2B2 = XA1ZA2
aXB1ZB2
bOab.
It therefore follows that XA1XB1BA2B2 |Q is equivalent to the trator eld
XA1ZA2
aXB1ZB2
bOab. This establishes (32) of Theorem 4.2.
Sine left-hand side of (32) is natural, it follows that XA1XB1BA2B2 is
natural. Hene
Oab = Z
A2
aZ
B2
bBA2B2 = 4Y
A1Y B1ZA2aZ
B2
bXA1XB1BA2B2
is likewise natural, as laimed in (v) and Theorem 4.2.
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Next we show that BAB and Oab are trae-free. Aording to Theorem 4.1,
the operators / m preserve tensor type. Sine WA1A2B1B2 is trae-free, it
follows that / n/2−2WA1A2B1B2 is ompletely trae-free. Thus from (32) and
(41) it follows that hA1B2XA1XB1BB2A2 = 0. Sine BCD is symmetri and
XABAB = 0, it follows that h
ABBAB = 0 as laimed. Now using (7) and
one again the fat that XABAB = 0, we see that that g
abOab = 0.
We must obtain the orresponding results in dimension 4. First observe
that in any dimension,
3DA0XA0RA1A2B1B2 =
(n− 2)[(n − 4)RA1A2B1B2 + 2XA1∇
CRA2CB1B2 ] +O(Q),
by (15) and (18). From the ontrated Bianhi identity, we have, for n = 4,
3DA0XA0RA1A2B1B2 =
8XA2∇B1RicA1B2 +O(Q) = 16XA2XB1BA1B2 +O(Q).
Relating W to the left-hand side via (27), we onlude that in dimension 4,
WA1A2B1B2 = −8XA1XB1BA2B2 ,
and omparing this with the formula (28) for W above, we have
−2XA1XB1BA2B2 = XA1ZA2
aXB1ZB2
bBab.
Thus Oab is a salar multiple of the Bah tensor, Oab = −
1
2Bab, whih is
natural and trae-free, by (1). We note also that sine W is trae-free and
XABAB = 0, it follows that BAB is trae-free.
It is well known (and easily veried) that the Bah tensor in dimension
4 is divergene-free. For (iv) we need the analogous result in other dimen-
sions. First note that a short alulation, whih uses the formula (16) for
the trator-D operator and the identities (9) for the onnetion, shows that
2DA1XA1ZA2
aXB1ZB2
bOab = (n− 4)XA2XB1ZB2
b∇aOab.
So, in dimensions other than 4, it follows thatDA1XA1XB1BA2B2 , and equiv-
alently (DA1XA1XB1BA2B2)|Q, vanish if and only if ∇
aOab = 0. We al-
ulate DA1XA1XB1BA2B2 on the ambient manifold. By (38), this is
DA1∆n/2−3∆/RA1A2B1B2 +O(Q),
up to a non-zero multiple, sine D ats tangentially. We ignore terms O(Q)
for muh of the remainder of this alulation. The above display expands to
(4− n)∇A1∆n/2−3∆/RA1A2B1B2 −∆X
A1∆
n/2−3
∆/RA1A2B1B2 .
From (5) and (24) we obtain
(42)
(4− n)[∇A1 ,∆]∆n/2−4∆/RA1A2B1B2
+(6− n)∆[∇A1 ,∆]∆n/2−5∆/RA1A2B1B2
+ · · · − 4∆n/2−4[∇A1 ,∆]∆/RA1A2B1B2
−2∆n/2−3
(
[∇A1 ,∆]RA1A2B1B2 +
1
2∇
A1(R♯♯RA1A2B1B2)
)
,
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after some re-organisation. It remains only to observe that all the terms in
this sum are O(Q). First we note that from (21) and (39), it is lear that
∆/RA1A2B1B2 = KQ
n/2−3XA1XB1BA2B2 +O(Q
n/2−2),
for some onstant K. Thus by (25), eah term
∆
k[∇A1 ,∆]∆ℓ∆/RA1A2B1B2 , k + ℓ = n/2− 4,
is some number times
(43) ∆
k[∇A1 ,∆]Qn/2−3−ℓXA1XB1BA2B2 +O(Q),
sine [∇A1 ,∆] is a rst-order operator. Now onsider the identity obtained
from (26) by inluding the O(Qn/2−2) terms omitted from the display in
(26). From this identity, from (5), and from the fat that ∇Q = 2X , it
follows that [[∇A1 ,∆], Q] = 0 identially on the ambient manifold. Thus
(43) is O(Q).
Now onsider the last term in (42). By diret alulation, we have
[∇A1 ,∆]RA1A2B1B2 = −
1
2
∇
A1(R♯♯RA1A2B1B2) +O(Q
n/2−2),
and so
∆
n/2−3
(
[∇A1 ,∆]RA1A2B1B2 +
1
2
∇
A1(R♯♯RA1A2B1B2)
)
= O(Q)
as required.
Finally, we must show that in general Oab is non-trivial. Up to sale, Oab
is given by
4Y A1Y B1ZA2a Z
B2
b/ n/2−2WA1A2B1B2 .
From (28) and (31), it is lear that 4Y A1Y B1ZA2a Z
B2
bWA1A2B1B2 is, at lead-
ing order, a non-zero multiple of ∇d∇cCcadb. Using the fat that / n/2−2 has
leading term ∆n/2−2, and then (9) to verify that the ommutator of ∆n/2−2
with 4Y A1Y B1ZA2a Z
B2
b generates only lower order terms, we onlude that
Oab = ℓ(n)∆
n/2−2∇d∇cCcadb + lots,
where ℓ(n) is a non-zero onstant. Given the form of the leading term, an
elementary exerise shows that this natural tensor annot vanish in general.

4.1. Conformal Laplaian operators on trator elds. It remains to
prove Theorem 4.1. Our strategy is to rst dene the operators 
α
m, whih
we do via powers of the ambient Laplaian ∆α in Proposition 4.8, and then
rewrite eah suh power as a ombination of ompositions of low order tan-
gential operators, eah of whih has an immediate interpretation as an op-
erator on a trator bundle. This leads to a simple algorithm for rewriting
any operator of this form in terms of basi trator operators using only
the existene of an ambient metri. Two of the key tools are Theorem 4.7,
whih explains how ambient derivatives of the ambient urvature an be re-
expressed in terms of low order tangential operators, and Proposition 4.10,
whih desribes harmoni extensions of tensor elds along Q.
Almost all of the subsequent disussion onerns the ambient manifold M˜
with metri as disussed in Setion 3. Oasionally we pause to interpret
results on the underlying onformal manifold M .
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In the generi n-even ase, some identities, suh as (22) and (26), hold to
only nite order in Q. In many proofs, we will apply the operators ∇ and
∆ to both sides of an identity, and this will redue the order to whih the
identity holds. Thus we must keep trak of the number of times that we
apply ∇ and ∆. In odd dimensions and in the onformally at ase, this
is unneessary, sine the identities hold to all orders. For simpliity, many
of the proofs that follow expliitly treat only the generi n-even ase, sine
the proofs in the other ases are essentially the same, exept for the fat
that they do not require the operator ounts. In addition, we have stated
some of the results themselves in the generi n-even ase only. All results
hold as stated. Propositions 4.5 and 4.6, Theorem 4.7, and Lemma 4.11 also
hold in general; they hold to all orders in both the odd-dimensional ase and
the onformally at ase, and in these ases the upper bounds stated in the
hypotheses of the results no longer apply.
We will often use abbreviated notations. We may abbreviate (26) by
writing [∆,∇]V =
∑
R∇V . It is easily veried that (26) generalises to
(44) [∆α,∇]V =
∑
R∇V + α
∑
(∇R)V,
whih also holds modulo O(Qn/2−2) in even dimensions and to innite order
in odd dimensions. For example, let V be any symmetri ambient 2-tensor.
In this ase (44) stands for
[∆α,∇A]VBC =
2(α − 1)RA
P
B
Q∇PVQC + 2(α− 1)RA
P
C
Q∇PVBQ
−2α(∇ARB
P
C
Q)VPQ,
whih holds to the appropriate order. If the V on the left-hand side of (44)
has any free indies, then in every term of the right-hand side of (44), eah
suh index either remains attahed to V in its original position or moves
onto an R. Some of the proofs in Setion 4 will use this fat, whih follows
immediately from (26) and the denition of R♯♯. The expressions we treat
will often involve iterations of operators. To indiate how many operators
we are omposing in suh an iteration, we will use exponents. For example,
we might indiate ∇A∇BRCDEF by writing ∇
2R. We will often use the
symbol P to denote a partial ontration polynomial. The same symbol P
may denote dierent polynomials in dierent parts of a given disussion.
We often use the identities (13) and ∇Q = 2X without expliit mention.
The proof of Theorem 4.1 begins with the development of a useful ambient
alulus. This involves a sequene of results.
Proposition 4.5. Suppose that n is even and M is generi. Let an integer
ℓ be given, and suppose that 0 ≤ ℓ ≤ n2 − 4. Then on the ambient manifold,
(45) ∆∇
ℓR =
∑
(∇pR)(∇qR) +O(Qn/2−3−ℓ),
where p+ q = ℓ. If the R on the left-hand side of (45) has any free indies,
then for every term in the summation, these indies appear on an R (as
opposed to a ∇).
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Proof: We use indution. The ase ℓ = 0 follows from (22). Suppose
next that 0 ≤ m ≤ n2 − 5 and that the result holds for ℓ = m. From this
assumption and (26), we have
∆∇
m+1R =∇∆∇mR+
∑
R(∇m+1R) +O(Qn/2−2) =
∇
(∑
(∇pR)(∇qR) +O(Qn/2−3−m)
)
+
∑
R(∇m+1R) +O(Qn/2−2) =∑
(∇sR)(∇tR) +O(Qn/2−3−(m+1)).
Here p+ q = m and s+ t = m+1. The use of the indutive assumption and
(26) never moves a free index from an R onto a ∇. 
Proposition 4.6. Suppose that n is even and M is generi. Let an integer
ℓ be given, and suppose that 0 ≤ ℓ ≤ n2 − 3. Then
(46) ∆
ℓR =
∑
(∇v1R) · · · (∇vjR) +O(Qn/2−2−ℓ).
In (46), the number of fators in a term may vary from term to term, but in
any ase, vi ≤ ℓ for 1 ≤ i ≤ j. If A, B, C, and D denote the indies of the
R on the left-hand side of (46), then for eah term in the sum, these indies
are on an R.
Proof: We again use indution. Suppose that 0 ≤ m ≤ n2 − 4 and that the
result holds for ℓ = m. Then
(47) ∆
m+1R =∆
(∑
(∇v1R) · · · (∇vjR) +O(Qn/2−2−m)
)
.
By expanding the right-hand side of (47) using the Leibniz rule and the
formula ∆ =∇A∇A, we obtain an expression of the form∑
(∇u1R) · · · (∇ukR) +O(Qn/2−2−(m+1))
plus a sum of the form∑
(∆∇t0R)(∇t1R) · · · (∇tsR).
In eah ase, we have ui ≤ m+ 1 and ti ≤ m. But by Proposition 4.5,
∆∇
t0R =
∑
(∇pR)(∇qR) +O(Qn/2−3−t0),
where p+ q = t0 ≤ m. Thus
∆∇
t0R =
∑
(∇pR)(∇qR) +O(Qn/2−2−(m+1)).
The use of the indutive assumption and Proposition 4.5 never moves an
index from an R onto a ∇. 
Theorem 4.7. Suppose that n is even andM is generi. Let h be an ambient
metri for a onformal manifold of dimension n. Let t ≥ 0 and u ≥ 0 be
given, and suppose that t + u ≤ n2 − 3. Then there is a partial ontration
P, polynomial in DA, RABCD, XA, hAB, and its inverse h
AB
, suh that
(48) ∇
t
∆
uR = P +O(Qn/2−2−t−u).
Eah term of P is of degree at least 1 in RABCD. If, in (48), R has any free
indies, then in P these indies always appear on an R.
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Proof: By Proposition 4.6, we may write
(49) ∇
t
∆
uR =
∑
(∇v1R) · · · (∇vjR) +O(Qn/2−2−u−t),
where vi ≤ t + u for eah i. If the R on the left-hand side of (49) has any
free indies, then for eah term in the sum, these indies always appear on
an R; this follows from Proposition 4.6. To omplete the proof, we show
that if 0 ≤ ℓ ≤ n2 − 3, then ∇
ℓR = P + O(Qn/2−2−ℓ). We use indution.
Suppose that 1 ≤ m ≤ n2 − 3, and suppose that ∇
ℓR = P + O(Qn/2−2−ℓ)
whenever 0 ≤ ℓ ≤ m− 1. By (14) we have
(50) DA∇
m−1R = (n− 2m− 4)∇A∇
m−1R−XA∆∇
m−1R.
Note that n − 2m − 4 > 0. Also observe that eah R in (50) has the same
indies. From (50) and Proposition 4.5, we onlude that
∇
mR =DA∇
m−1R+XA
(∑
(∇pR)(∇qR) +O(Qn/2−3−(m−1))
)
,
where p + q ≤ m − 1. Also note that if the R on the left-hand side of this
equation has any free indies, then in eah term of the right-hand side, these
indies always appear on an R. From our indutive assumption we now see
that ∇
mR = P +O(Qn/2−2−m). 
Remark: Theorem 4.7 shows that when n 6= 4, an ambient partial ontra-
tion ∇
t
∆
uR|Q is equivalent to a onformal invariant whih is obtained by
taking a partial ontration polynomial in D, W , X, h, and its inverse h−1.
Moreover in eah ase, via the indutive steps of the proof, one obtains the
expliit formula for the invariant as a partial ontration of these quantities.
More generally, this shows that any Weyl invariant (.f. [4, 18℄) arising
from a omplete (partial) ontration of ambient tensors of the form (48) is
ontained in the spae of invariants generated by omplete (partial) ontra-
tions of the expressions polynomial in the trator operators and elds D, W ,
X, h, and h−1. Furthermore, there is an expliit algorithm for nding the
trator formula, given the formula for the ambient invariant. This is a slight
generalisation of a result along these lines obtained in [13℄. ||||
The next proposition is a simple generalisation of results in [9, 30℄.
Proposition 4.8. For every integer m ≥ 1 and every ambient homogeneous
tensor spae T
Φ(m− n/2),
∆
m
α : T
Φ(m− n/2)→ T Φ(−m− n/2)
is tangential and so determines a onformally invariant operator

α
m : T
Φ[m− n/2]→ T Φ[−m− n/2].
Proof: By onstrution, the operators∆α preserve tensor type (tensor type
with respet to pointwise SO(h) tensor deompositions) and lower homo-
geneity weight by 2. Hene ∆mα maps T
Φ(m− n/2) to T Φ(−m− n/2).
To show that ∆
m
α ats tangentially, we alulate ∆
m
α QA for A of homo-
geneity m− 2− n/2. Without any homogeneity assumption, we have
(51) [∆mα , Q] =
m−1∑
p=0
∆
m−1−p
α [∆α, Q]∆
p
α.
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If we let (51) at on T
Φ(w), then by (25), the pth term on the right ats as
2[2(w−2p)+n+2]∆m−1α . Hene [∆
m
α , Q] ats as 2m(2w−2m+n+4)∆
m−1
α .
This vanishes identially if w = m − 2 − n/2. Thus ∆mα is tangential on
T
Φ(m− n/2) as desired. 
The remainder of this setion is onerned with obtaining trator formulae
for the operators in the previous theorem. A key idea is to assume that the
ambient tensor eld being ated on is suitably harmoni as in the following
lemma. Sine tangential operators do not depend on how the eld is extended
o Q, this involves no loss of generality.
Lemma 4.9. Suppose k ≥ 2 is an integer. In the generi n-even ase,
suppose k ≤ n2 − 1 or that α = 0 and k ≤
n
2 . Let S ∈ T
Φ(k − n2 ) be given,
and suppose ∆αS is O(Q
k−1). Finally, let v, 0 ≤ v ≤ k− 1, be given. Then
there is a linear dierential operator P of order at most 2v given by a partial
ontration formula polynomial in XA, DA, RABCD, hAB, and h
AB
, suh
that
(52) ∇
vS = PS +O(Qk−v).
If, on the left-hand side of (52), S has any free indies, then in every term
of PS, eah of them appears either on S in its natural position or on R.
Proof: We will assume that n is even and M is generi. For v = 1, observe
that by (14) and (23) we have have 2(k−1)∇S =DS−αXR♯♯S+X∆αS.
This is in the required form, sine ∆αS = O(Q
k−1).
We now proeed by indution on v. Suppose that 1 ≤ m < k−1 and that
(52) holds for 1 ≤ v ≤ m. By (14) it follows that
(53) 2(k −m− 1)∇m+1S =D∇mS − αXR♯♯∇mS +X∆α∇
mS.
If, on the left-hand side of (53), S has any free indies, then in every term of
the right-hand side of (53), eah of these indies appears on an S in its natural
position or on an R. From the indutive assumption and the properties of
D, it follows that D∇mS−αXR♯♯∇mS is of the form PS+O(Qk−(m+1)),
where P is as desribed in the statement of the lemma. On the other hand,
by (44),
(54)
∆α∇
mS =∇m∆αS +
∑
(∇pR)(∇qS) + α
∑
(∇p+1R)(∇q−1S)
+O(Qn/2−2−(m−1)),
where p + q = m, p ≥ 0, and q ≥ 1. When we use (44) to onstrut (54),
eah index attahed to S on the left-hand side of (54) either remains xed or
moves onto an R. Note that ∇m∆αS is O(Q
k−(m+1)) and that n/2 − 2 −
(m− 1) ≥ k − (m + 1). Thus ∆α∇
mS =
∑
(∇xR)(∇yS) + O(Qk−(m+1)).
Here x + y = m, x ≤ m, and y ≤ m. If α = 0, then we have 1 ≤ y and
x ≤ m−1. By Theorem 4.7 and by our indutive assumption, it follows that
∆α∇
mS = PS +O(Qk−(m+1)),
where P is as in the statement of the lemma. 
The usefulness of Lemma 4.9 results from the next proposition, whih
generalises to ambient tensors and ∆α-Laplaians a result of [30℄.
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Proposition 4.10. Let k ≥ 1 be an integer. Then for any T ∈ T Φ(k − n2 ),
there is an S ∈ T Φ(k − n2 ) suh that T − S is O(Q) and ∆αS is O(Q
k−1).
Proof: Let w := k − n/2. Suppose that Sm−1 ∈ T
Φ(w) is suh that
T − Sm−1 is O(Q) and ∆αSm−1 = Q
m−1E. (Then E ∈ T Φ(w − 2m).) If
A ∈ T Φ(w− 2m), then Sm := Sm−1 +Q
mA ∈ T Φ(w) and T − Sm is O(Q).
We have
∆αSm = Q
m−1E +∆αQ
mA.
Now
∆αQ
mA =
m−1∑
i=0
Qi[∆α, Q]Q
m−i−1A+O(Qm),
and from (25) and the homogeneity of A and Q this beomes
∆αQ
mA =
m−1∑
i=0
2(n+ 2w − 4i− 2)Qm−1A+O(Qm)
= 4m(w + n/2−m)Qm−1A+O(Qm).
Thus if m 6= w+n/2 (i.e. m 6= k), then setting A = −[4m(w+n/2−m)]−1E
gives ∆αSm = O(Q
m). 
Note that the proof establishes muh more than we require in the proposition.
In partiular, it shows that the ∆α-harmoni extension of T |Q only fails at
O(Qk) and that past this the extension ontinues. Also, if we allow w suh
that w + n/2 /∈ {1, 2, · · · }, then for any T ∈ T Φ(w) and any integer ℓ ≥ 0,
there is S ∈ T Φ(w) suh that T − S is O(Q) and ∆αS is O(Q
ℓ).
Remark: Reall that one of our entral aims (at least for n ≥ 6) is to
understand the result of applying∆/n/2−2 to the ambient urvature R. Note
that for this it would appear that we do not need Proposition 4.10, sine by
(22), the ambient urvature already has the property we require of S, viz.
that∆1/2R =∆/R = O(Q
n/2−3). On the other hand, we prefer here to treat
∆/n/2−2R in two steps. First, we derive a trator formula for the onformally
invariant operator/ n/2−2 on T
2,2[−2]. For this we will use Proposition 4.10.
This operator arises from ∆/n/2−2 on T 2,2(−2). Then nally we may apply
the operator / n/2−2 to the trator eld W . (See (28)). Proeeding in this
way, we an be sure that the trator formula that we obtain for the ambient
quantity∆/n/2−2R|Q is preisely the trator formula for / n/2−2 on T
2,2[−2]
applied to W . ||||
Next, we need to understand how powers of the ∆α-Laplaian are related
to iterations of D. We begin with a lemma whih indiates the impat of
moving Laplaians to the right of ∇'s.
Lemma 4.11. Suppose that n is even and M is generi. Let α ∈ R, w ∈ R,
and T ∈ T Φ(w) be given. Let
(55) S =∆t1α∇
u1 · · ·∆
tp
α∇
upT,
where ti+ui ≥ 1 for eah i. Suppose that k :=
∑p
i=1(ti+ ui) ≤
n
2 − 1. Then
(56) S =
∑
(∇v1∆w1α R) · · · (∇
vq∆
wq
α R)(∇
vq+1∆
wq+1
α T ) +O(Q
n/2−k),
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where vj +wj ≤ k for eah j. If T has any free indies in (55), then in (56)
these indies appear either on T in their original position or on an R.
Proof: We proeed by indution on k. Suppose that 1 ≤ m ≤ n2 − 2.
Suppose the result holds whenever 1 ≤ k ≤ m, and let S be as in (55) with
k = m+ 1. If t1 = 0, then by our indutive assumption we see immediately
that (56) holds modulo O(Qn/2−(m+1)). On the other hand, suppose t1 > 0.
Then by our indutive assumption,
S =∆α
(∑
(∇v1∆w1α R) · · · (∇
vq∆
wq
α R)(∇
vq+1∆
wq+1
α T ) +O(Q
n/2−m)
)
,
where vj + wj ≤ m for eah j. Suppose we use the Leibniz rule to expand
∆(∇v1∆w1α R) · · · (∇
vq∆
wq
α R)(∇
vq+1∆
wq+1
α T ).
Then eah term in the resulting sum will ontain two fators of the form
∇
vj+1∆
wj
α P or one fator of the form ∆∇
vj∆
wj
α P , where P denotes R or
T in eah ase. But
∆∇
vj∆
wj
α P =∆α∇
vj∆
wj
α P − αR♯♯∇
vj∆
wj
α P ,
and by (44) we may write ∆α∇
vj∆
wj
α P in the form
∇
vj∆
wj+1
α P +
∑
(∇v
′
ℓR)∇v
′′
ℓ ∆
wj
α P +O(Q
n/2−(m+1)).
Here v
′
ℓ + v
′′
ℓ = vj . When we use (44), any given index attahed to P either
remains xed or moves onto an R. This ompletes the indution. 
Lemma 4.12. Suppose ℓ is an integer and ℓ ≥ 1. In the generi n-even
ase, suppose also that ℓ ≤ n2 − 1. Let T ∈ T
Φ(ℓ− n2 ) be given. Then
(57)
∆
ℓ−1
α DT =
−X∆ℓαT +
∑
(∇v1∆w1R) · · · (∇vp∆wpR)(∇vp+1∆
wp+1
α T )
+αX
∑
(∇r1∆s1R) · · · (∇rq∆sqR)(∇rq+1∆
sq+1
α T ) +O(Q).
Here vi +wi ≤ ℓ− 1 for 1 ≤ i ≤ p+ 1, and ri+ si ≤ ℓ− 1 for 1 ≤ i ≤ q+ 1.
If α = 0, then vi + wi ≤ ℓ− 2 for 1 ≤ i ≤ p, and vp+1 + wp+1 ≤ ℓ − 1. If,
on the left-hand side of (57), T has any free indies, then on the right-hand
side these indies always appear on R or in their natural positions on T .
Proof: Suppose that n is even and M is generi. If ℓ = 1, the result follows
from (14). Now suppose that ℓ ≥ 2. From (14) and (24) we have
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∆
ℓ−1
α DAT
= 2(ℓ− 1)∆ℓ−1α ∇AT −∆
ℓ−1
α XA∆αT + α∆
ℓ−1
α XAR♯♯T
= 2(ℓ− 1)∆ℓ−1α ∇AT − [∆
ℓ−1
α ,XA]∆αT −XA∆
ℓ−1
α ∆αT
+α[∆ℓ−1α ,XA]R♯♯T + αXA∆
ℓ−1
α R♯♯T
= −XA∆
ℓ
αT + 2(ℓ− 1)∆
ℓ−1
α ∇AT −
ℓ−2∑
i=0
∆
ℓ−2−i
α [∆α,XA]∆
i
α∆αT
+α
( ℓ−2∑
i=0
∆
ℓ−2−i
α [∆α,XA]∆
i
α
)
R♯♯T + αXA∆
ℓ−1
α R♯♯T
= −XA∆
ℓ
αT + 2(ℓ− 1)∆
ℓ−1
α ∇AT − 2
ℓ−2∑
i=0
∆
ℓ−2−i
α ∇A∆
i
α∆αT
+2α
( ℓ−2∑
i=0
∆
ℓ−2−i
α ∇A∆
i
α
)
R♯♯T + αXA∆
ℓ−1
α R♯♯T.
Eah of the original indies on T remains xed in the above alulation exept
in the terms of R♯♯T , where it may either remain in its original position on
T or move onto an R. By (44), we may re-express this in the form
(58)
∆
ℓ−1
α DT =
−X∆ℓαT +
∑
∆
sj
αR∇∆
tj
α T + α
∑
∆
sj
α (∇R)∆
tj
α T
+α∆ℓ−2α ∇R♯♯T + α
∑
∆
pi
αR∇∆
qi
αR♯♯T
+α
∑
∆
pi
α (∇R)∆
qi
αR♯♯T + αX∆
ℓ−1
α R♯♯T +O(Q),
where sj + tj = ℓ− 2 for eah j and pi + qi = ℓ− 3 for eah i. When we use
(44) to onstrut (58), eah index on T or R either remains xed or moves
onto an R. In the right-hand side of (58) the oeient of X∆ℓαT is exat.
Otherwise, no attempt has been made to present the oeients preisely.
At this point we need only the general form of the expression. Where there
is a oeient α presented, this means, as usual, that all terms of this form
appear with oeient a multiple of α.
For ambient tensors U and V ,
∆αUV = (∆U)V + (∇U)∇V + U∆αV +RUV.
Thus by using the denition of ∆α together with the Leibniz rule, we may
re-express the right-hand side of (58) in the form given on the right-hand side
of (57), exept that on eah R or T , the operators ∇, ∆, and ∆α may not
be in the order given in (57). But by Lemma 4.11, we may indeed re-express
the right-hand side of (58) in the form given on the right-hand side of (57).
In doing this, we may move an index that was originally attahed to an R
or a T , but we always move the index onto an R. In the new expression, we
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have vi+wi ≤ ℓ−1 for 1 ≤ i ≤ p+1 and ri+si ≤ ℓ−1 for 1 ≤ i ≤ q+1; this
follows from Lemma 4.11. In the α = 0 ase, the fat that vi + wi ≤ ℓ − 2
for 1 ≤ i ≤ p follows from the fat that (58) simplies to
∆
ℓ−1DT = −X∆ℓT +
∑
∆
sjR∇∆tjT +O(Q)
when α = 0. 
We are now ready to show that the powers of the ∆α-Laplaian an be
re-expressed as a sum of ompositions of tangential operators.
Proposition 4.13. Suppose k ≥ 1 is an integer. Let w = k − n2 , and let
V ∈ T Φ(w) be given. In the generi n-even ase, suppose that k ≤ n2 − 2, or
α = 0 and k ≤ n2 −1, or T
Φ(w) = T (w) and k ≤ n2 −1, or T
Φ(w) = T 0(w)
and k ≤ n/2. Then
(59) (−1)k−1XA1 · · ·XAk−1∆
k
αV =∆DA1 · · ·DAk−1V + PV +O(Q),
where P is a linear dierential operator of order less than 2k given as a
partial ontration polynomial in XA, DA, RABCD, hAB, and h
AB
. If,
in (59), V has any free indies, then for every term of PV , these indies
appear either on R or in their natural position on V . The indies Ai are not
skew-symmetrised.
Proof: The ase of V ∈ T 0(w) is treated in [27℄. For the remaining ases,
we assume, as usual, that we are in the generi n-even setting.
We begin with the ase k ≤ n2−2 and the ase α = 0, k ≤
n
2−1, and we use
indution on k. Suppose that 1 ≤ m ≤ n2−3 or that α = 0 and 1 ≤ m ≤
n
2−2,
and suppose the result holds whenever k = m. Let V ∈ T Φ(m + 1 − n2 ).
By Proposition 4.10, there exists an S ∈ T Φ(m+ 1− n2 ) suh that V − S is
O(Q) and ∆αS is O(Q
m). Then by our indutive assumption,
(60)
(−1)m−1XA1 · · ·XAm−1∆
m
α (DAmS) =
∆DA1 · · ·DAm−1(DAmS) + PS +O(Q),
where P is of order less than 2m. If, on the left-hand side of (60), S has any
free indies, then in eah term of PS, these indies appear either on R or
in their natural position on S. Now apply Lemma 4.12 with ℓ = m+ 1 and
T = S. We onlude that
(61)
∆
m
αDAmS =
−XAm∆
m+1
α S +O(Q)
+
∑
(∇v1∆w1R) · · · (∇vp∆wpR)(∇vp+1∆
wp+1
α S)
+αX
∑
(∇r1∆t1R) · · · (∇rq∆tqR)(∇rq+1∆
tq+1
α S).
Here vi + wi ≤ m for 1 ≤ i ≤ p + 1, and ri + ti ≤ m for 1 ≤ i ≤ q + 1. If
α = 0, then vi + wi ≤ m− 1 for 1 ≤ i ≤ p and vp+1 + wp+1 ≤ m. If, on the
left-hand side of (61), S has any free indies, then on the right-hand side of
this equation these indies appear on R or in their natural positions on S.
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Sine ∆αS is O(Q
m), we may assume that wp+1 = tq+1 = 0 in (61). Thus
by Theorem 4.7 and Lemma 4.9, we have
(62) ∆
m
αDAmS = −XAm∆
m+1
α S + PS +O(Q).
Sine vp+1 ≤ m and rq+1 ≤ m in (61), it follows that the order of P is at
most 2m in (62). If, in (62), S has free indies, then in PS these appear
either on R or in their natural positions on S. From (60) and (62) it now
follows that
(63) (−1)mXA1 · · ·XAm∆
m+1
α S =∆DA1 · · ·DAmS + PS +O(Q).
But DA ats tangentially along Q, and ∆ ats tangentially on elds homo-
geneous of degree 1 − n/2. Thus ∆DA1 · · ·DAm + P ats tangentially on
S. By Proposition 4.8, ∆m+1α also ats tangentially on S, and so we may
replae S with V on both sides of (63). This ompletes the indution.
Finally, suppose that T
Φ(w) = T (w). By the Rii atness of the ambient
metri, it follows that R♯♯V is O(Qn/2−1). Thus for 1 ≤ k ≤ n2 − 1 we see
that ∆
k
αV =∆
kV +O(Q), and the result follows from the ase α = 0. 
We are now ready to prove Theorem 4.1 and at the same time desribe
trator formulae for the operators 
α
m. We begin with the trator formulae.
Theorem 4.14. Via the algorithm impliit in the indutive steps above, the
operators 
α
m have trator formulae (for m in the ranges given in Theo-
rem 4.1) as follows:
(64)
(−1)m−1XA1 · · ·XAm−1
α
mU
= DA1 · · ·DAm−1U + P
Φ,m
A1···Am−1
U,
where the dierential operator PΦ,m is a partial ontration polynomial in
X, D, W , h, and h−1. Thus for m 6= n/2,
(65)
(m− 1)! (Πmi=2(n− 2i))
α
mU =
DAm−1 · · ·DA1DA1 · · ·DAm−1U
+DAm−1 · · ·DA1PΦ,mA1···Am−1U.
The indies attahed to U on the left-hand side appear, in eah term of
PΦ,mU , on U in their original position or on W . The indies Ai in (64) and
(65) are not skew-symmetrised.
Proof of theorems 4.1 and 4.14: Reall that D desends to D, and
∆ : T Φ(1 − n/2) → T Φ(−1 − n/2) desends to the generalised onformal
Laplaian operator . (See (17).) Thus (64) is an immediate onsequene
of Proposition 4.13. From this the laims of naturality are immediate from
the naturality of X, , D, W , h, and h−1. That the αm have leading term
∆m follows easily from the expression (16) for D and the identities (9) for
the trator onnetion. Then note that (65) follows from (64) and (19). 
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4.2. Calulating expliit formulae; examples. One an easily ompute
expliit formulae for the obstrution tensors in low dimensions. From the
proof of theorems 4.2 and 4.4, above, we know that in dimension 4, Oab is
simply −12Bab, where Bab is the Bah tensor as given in (1).
In dimension 6, we have m = 1, and the relevant ambient operator from
Proposition 4.8 is∆/ : T 2,2(−2)→ T 2,2(−4), whih desends to
(66) +
1
4
W♯♯ =:/ 1 : T
2,2[−2]→ T 2,2[−4].
The left-hand side of (66) is the trator formula for / 1. By Theorem 4.2,
applying this to W (see (28)) yields the obstrution tensor via the identity
(32). That is,
26XA1ZA2
aXB1ZB2
bO6ab = W +
1
4
W♯♯W,
where we have used the fat that k(6) = 26. Thus
64OceX[BZC]
cZ[E
eXD] =
WBCDE −W
A
CB
FWFADE −W
A
CD
FWBAFE −W
A
CE
FWBADF .
But 4Y BY DZCaZ
E
bX[BBC][EXD] = Oab. Thus in any onformal sale, Oab
is given by the following formula:
(67)
1
16Y
BY DZCaZ
E
b
(
WBCDE
−WACB
FWFADE −W
A
CD
FWBAFE −W
A
CE
FWBADF
)
.
If one expands using (9), (28), and the denitions of and the trator metri,
it is an entirely mehanial proess to rewrite (67) in terms of the Levi-Civita
onnetion and its urvature (with metri ontrations). A omputation
using this proess together with Mathematia and J. Lee's Rii software
pakage ([31℄) shows that
(68)
O6ab =
1
16∆Bab −
1
4JBab +
1
8BcdCa
c
b
d − 12Pcd∇
cA(ab)
d
+14AcadA
c
b
d − 12AcadA
d
b
c − 14A(ab)c∇
cJ + 14PcdP
d
eCa
c
b
e,
where A and B are respetively the Cotton and Bah tensors as given in
(29) and (30). This formula for O6ab agrees up to a onstant fator with the
formula given by Graham and Hirahi in [29℄.
In dimension 8, we nd that Oab =
1
384T(ab), where Tab is as given in Fig-
ure 1. (For typesetting onveniene, the gure uses Bab|cd as an alternative
notation for ∇d∇cBab, and so forth.) To see that O
8
ab = T(ab), we begin by
onstruting a trator formula for / 2 on T
2,2[−2]. Let T ∈ T Φ(−2) be an
extension of any element of T 2,2[−2]. By Proposition 4.10 we may assume
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−Bab|c
c
d
d + 10Bab|c
cJ − 28Bab|cdP
cd + 24Bac|bdP
cd
−4Bcd|e
eCa
c
b
d − 24Bac|dP b
c
|
d − 24Bcd|aP b
c
|
d + 56Bac|dP b
d
|
c
−6Bab|cJ |
c + 12Bac|bJ |
c + 24Bcd|aP
cd
|b − 32Bac|dP
cd
|b
−4Bcd|eCa
c
b
d
|
e + 4BabJ |c
c − 16BcdP
cd
|ab − 40BcdPab|
cd
+56BcdPa
c
|b
d − 8BacBb
c + 3BcdB
cdgab − 24BabJ
2 − 64BacP bdP
cd
+76BabP cdP
cd + 28BcdgabP
c
eP
de + 16BcdJCa
c
b
d + 32BcdPaeCb
cde
−24BcdP
c
eCa
d
b
e + 4BcdCae
c
iCb
edi − 8BcdCae
c
iCb
ide − 8AacbJ |d
dc
−32Aacb|deP
cd
|
e − 16Aacd|eAb
cd
|
e + 16Acda|eA
cd
b|
e − 32Aacb|dJ |
cd
+32Acad|eP b
eP cd − 64Aabc|dP
cdJ − 128Aacd|eP b
dP ce − 128Acad|eP b
dP ce
−608Aacb|dP
c
eP
de − 32Acad|bP
c
eP
de + 32Aacd|eP
e
iCb
cdi
+32Acad|eP
e
iCb
cdi + 32Aacd|eP
d
iCb
cei + 32Acad|eP
d
iCb
cei
−64Aabc|dPeiC
cedi + 32P cdPeiCa
c
b
e
|
di + 32P cdJ |eCa
c
b
e
|
d
+32AcdeP
d
iCa
c
b
e
|
i + 32AcdeP
d
iCa
c
b
i
|
e + 64AacdPeiCb
cde
|
i
+64AcadPeiCb
cde
|
i + 8J |cJ |dCa
c
b
d − 16P cd|eP
c
i|
eCa
d
b
i
+32AcadJ |eCb
cde − 32AcadJ |eCb
ecd − 16AcdeA
cd
iCa
i
b
e
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Figure 1. A tensor Tab suh that O
8
ab =
1
384T(ab)
that∆/T = O(Q). Thus by (14), (22), and (24), we rst obtain
(69)
∆/DATBCDE =
−XA∆/
2TBCDE + 2[∆,∇A]TBCDE +R♯♯∇ATBCDE
−14XA(R♯♯R)♯♯TBCDE +XA(∇|I|R)♯♯∇
|I|TBCDE
+O(Q).
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Here the |·| indiates that the enlosed index is not involved in the hash
ation, and (R♯♯R)♯♯TBCDE denotes the double hash of R♯♯R with TBCDE .
From (69) together with (5), (14), (22), and (26), it follows that
∆/DATBCDE =
−XA∆/
2TBCDE − 2RA
P
B
QDPTQCDE − 2RA
P
C
QDPTBQDE
−2RA
P
D
QDPTBCQE − 2RA
P
E
QDPTBCDQ
+12R♯♯DATBCDE −
1
4R♯♯XAR♯♯TBCDE
−14XA(R♯♯R)♯♯TBCDE +
1
4XA(D|I|R)♯♯D
|I|TBCDE
−18XAXI(R♯♯R)♯♯D
|I|TBCDE
−18XAX
I(D|I|R)♯♯R♯♯TBCDE +O(Q).
Sine the dimension is 8, it follows from (14) that XADAV = −4V +O(Q)
for all V ∈ T Φ(−2). Thus from the denition of∆/ , we see that
(70)
XA∆/
2TBCDE =
−∆DATBCDE − 2RA
P
B
QDPTQCDE − 2RA
P
C
QDPTBQDE
−2RA
P
D
QDPTBCQE − 2RA
P
E
QDPTBCDQ
−14R♯♯XAR♯♯TBCDE +
1
4XA(R♯♯R)♯♯TBCDE
+14XA(D|I|R)♯♯D
|I|TBCDE +
1
2XAR♯♯R♯♯TBCDE
+O(Q).
We restrit (70) to Q and then attah Y A. The result is that for any T ∈
T 2,2[−2],
(71)
/ 2TBCDE =
−Y ADATBCDE −
1
2Y
AWA
P
B
QDPTQCDE
−12Y
AWA
P
C
QDPTBQDE −
1
2Y
AWA
P
D
QDPTBCQE
−12Y
AWA
P
E
QDPTBCDQ −
1
64Y
AW♯♯XAW♯♯TBCDE
+ 164(W♯♯W )♯♯TBCDE +
1
16 (D|I|W )♯♯D
|I|TBCDE
+ 132W♯♯W♯♯TBCDE .
We next use (71) to onstrut a trator formula forO8ab. From Theorem 4.2
we have
(72) O8ce = −
1
384Y
BZCcY
DZEe/ 2WBCDE .
A short omputation shows that
W♯♯W♯♯WBCDE = (W♯♯W )♯♯WBCDE .
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Thus from (71) and (72) we have
(73)
O8ab =
1
24576Y
BZCaY
DZEb
(
64Y ADAWBCDE
+32Y AWA
P
B
QDPWQCDE + 32Y
AWA
P
C
QDPWBQDE
+32Y AWA
P
D
QDPWBCQE + 32Y
AWA
P
E
QDPWBCDQ
+Y AW♯♯XAW♯♯WBCDE − 3W♯♯W♯♯WBCDE
−4(D|I|W )♯♯D
|I|WBCDE
)
.
By using the same tehniques as in our derivation of (68), we see that O8ab =
T(ab).
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